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Abstract

In this paper | report the results of my exploration
into the dynamics of a real, first-order difference equation. The
exploring was done by looking at the function over the complex
numbers and the for diffeerent values of a parameter having a
computer plot points in different colors depending on whether
they converged to a fixed point, converged to a cycle of some
period or diverged. As much as possible, thesé pictures are
verified mathematically and possible results ;ﬂi.th respect to the

appearance of cycles and their change of period are discussed.
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For the sake of clarity, I've included my definifl
scrme terms used in the paper. A fixed point of a function 1= a point z
such that z = f(z). A cycle of period n is a sequence of n
points (21,22""'211) such that z, = f(zl), z7 = f(zgll, -3
The iteration of a function means composing the function with itzel

all points
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How 1 generated the pictures
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ch of the points in the partition of the region.

of the functicn were caiculated until either convergence to a fixod

COINt oF cvcle occurred or the vaiues for ¥ of v got bovond mashing
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capabilities {either too big or too close to zerol. The startng v
position was then piotted mn a color corresponding to wnat happened
when the point was iterated.

Rather than mindlessiy generate pictures, | made a few
restrictions. First | onlv looked at nonnegative x and v starunzg

itiens. [ chose nonnegative x because In K., negative x values
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here can be no negative reals that converge to a
nonnegative v values were used because pictures generated were
symmetric when negative v values were used. This can be zhown

from the function: R is an even poivnomial in v so its value iz
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unattected by a4 N change; |o1s an odd polvnormia in v oso it Sian e
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flappens to real starting points?’ Naturaily we expect them to remain

in R because our funcilon Is just the compiex expansion of a

function, but et s verify this anyway, Just to be safe. Zefting v. = U
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able to rule out « ¥ 0 (myv second restriction)

program. This program tock o as input and then plotted the rea:

. -~ \ bl = -~ : - 3 ay h = v o e g
funiction F(x) and it's second iteration for x € {03l When the second
lterate first crosses the line y=x at any point other than the fixed

{or many positive o wvalues and found none that would have real
cycles; since the function is continuous, | expect there are no posi
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rnioted the color changes. As an aside, | also used the second program
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remion because 1t fit the graphics screen well and contains the

exnected "interesting” region of the model. As a nomt of interect
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aenerated sceme “close-ups” of smaller reqions
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unciear at the partition <size (001} ar which lonked celf-cimuiar

Additionally, | generated a couple pictures for 25 30 < Beiz: < 200

329 the general toerm “tarther out”

A Mathematical Verification ot the Pictures

With all of that as background, let us preceed to the

pictures themselves. The magority of those cenerated durims oo

study have been included and are sorted according to size ot o and

when necessary, size of region portrayed. All pictures have heen
properly labelled. Here is and explanation of the colors seen. The
darkest blue/purple color 15 piotted at all points that converged to the
fixed point 1.0 + 10.0 (to within 0.000001). The lighter blue/purple 1=
for points that converged to the fixed point 0.0 +10.0 (again, within
0.000001). The red, green and pink/purple colors are points that
converged to a cycle of period 2, 3 and 4 respectively. White points
=y

g
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that  the next teratien would  cause an  overflow  error.
fxperimentaily | found that if erther {Re(z) or llmi{z)l > 5.0 | could et
an error, 5o | used this as a himt. Yellow points are those that after
the indicated number of iterations had not vet converged {(again to
within 0.000031) or diverged.

oint let me mention why there are two distines
sets of pictures. Betore plotting many of fhese pictures, |
double-checked the algebra invelved in forming the eguations for
flxv), glx,y), B and ' and found 1t to be correct. However, what
talled to verify was that my code correctlly reflected these. There
was a small, but significant, sign error in I - instead of "":i.f,’z“ at the
end, the program had "*-r:xys" - which | dvdn't netice until lzter
Fartunately this had no ettect on the real line {where v = §j, o that
while | couldn't trust the previous pictures to be correct, | did know
where to look, because cycles in B were still 1n the same intervais. it
was ‘only” the behavior in € that would be affecied. These first

“incorrect”  pictures were Included because of an interesting

rhenomenen that was noticed, which will be discussed later, and
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hecause of their general similarity to the "correct” cn
noting that the o = 0.00 picture is the same for both sets (this can be
seen by observing that if «=0.0, then I' = 0.0 rezardless of the sign on
the last term), and therefore is included only once.

Having exposed one error, the logical thing to do 15 to
verify mathemnatically, as much as possible, what 15 seen in the
pictures. The existence of points which converged to zero (other than
zero wself) was a surprise. Numernical investigation ot many of these
pomnts (for example Re(z) > 4.0, oo = 185, "incorrect” picturesl showsd
that what really happens 15 that a lack of computer precision makes

very small numbers look like zero. The nature of the rnodel (1)

T



indicates that the population dving ount wen't happen in ¥, znd
showing that this can't happen in © = pretiy simple. For a point
¥4 v iz v to converoe to 0.0 we need:
. = oun( B rrn: T - Y and

0= K44y = cup(BMucos I~ ysin I and

Oy = exptBllxan L v yeos 1) =
we cancel if. Tnen consider the icllowing cases. First. o vy = 5 oand
- —- . e -
co=nicne Niwehnave Z/v = sinl /7 Cos i = -V X L0Ne SOUAITY IFam
each equaticni. Let r = x/v, then the equalities umoiyv r = ~L/r or

r= = -1, which has no reai sclutions, so no x.v can o 0 0.0 unda

-

tniese conditions. Second. il cos i = U we have vsin i = 0 = xcos | =
v =0=xsincesini = 0. Simiiariy Hsini =0.zcos1 =0 = wvin | =
x=0=v. Thirdiv,irx =0, -vain [ =0 = vees I = v = & Fimilariv i

v =0, xcosi = 0=xsinl = x =0 Sowesee that the oniv point
can converge to 3.0 when iterated 1= 0.0,
The alternating between regions that converge to the I

1

point and to a cycle (-1.1402 < o < -1.35 in the plcturesi verifies

s .

behavior expected {rom a population model, at least aiong the reai
iine (See Figure 1j. 3o the continuauon into € of this pattern is not
surprising. Another pattern that 1s "easy” to account for 1= pest
observed for o = ~1.15 (in the "correct’ pictures). aithough the start of
it can be seen in most "full scale” pictures. These alternatung 6 white
‘hearts” (on their sides) and biue/purple and red balls which start
about Re(z) = 2.0 and continue for larger Ke(z} are meost likely the
result of the periodicity of the sine and cosine functions.

As a final point, iet's verify divergence 'fox; ‘big enough” x
and y, as seen by tne white portion in the L.DD"’I‘ righthand part of

the "full scale” pictures (for both sets). We have that

B o= (x-1)[-1.9 - 3ay? + afx-1)]

|



Figure 1: The graph of F(x) = zexp(G(x)) and y=x which is commonly
used to ‘trace’ the successive iteration of F(x). The dashed lines
represent the cycle of period 2. Blue areas on x are those that
converge to the fixed point, x, and pink areas are those that converge
to the cycle; note that the repeating pattern near zero continues (see
"Incorrect,” o =-1.145%). The boxes help clarify where each region

maps to; note that boxes of the same color are at the same height.
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< =TSO e -ty e (-1 Tar "ha enontk” v oand
vo- 19095 magnificant, 5o the use of ~ ¢ O e TS 0 0 euni Bl 2 9} g
, 5o A . . . »
(g1l 0 Sy or o w=1 < 5y This 15 the region ahove a hine of positive

siope (quite like the one seen in o« =-1.15). Now let's look at the

distance of successive iterates trom the orizin. Because expl(B) » 1, we

t?

ran wonore it and we have:

~ Y ~ ~
/. & : e ; wrmme DL
Gty > (xeos T - ysin )= + (xsin T+ yeos )
2, Y m LT Y o o e
= ¥9icos<i + s~} + yelcossl +sin< 1)
2 2
= XT+ye

setting farther from the orizin (that is, diverging), so we believe the
while areas we see. This scunds good, but unfortunateiy, 1t [aiis o
show that points which satisfy the first conditions { on a, x and v,
still satisfy those conditions after they have been iterated. [ was
unable to show this, or to show divergence another way. The pictures
do show this divergence though, so | haven't given up hope that it can
be shown mathematically.

The difficulty in definitely attributing these phenomena to
a specific features lies in that [ 1s a third-order mixed poivnemiai in
two variables and we need to take (and understand) the sine and
cosine of it for general x and v. This as well as the general compiexity
of the functions f and g are part of the reason the "incorrect pictures

went unchecked for so long. They looked entirely reasonable, having

the above mentioned patterns (see o = -1.85 and others), but thev
alzo had symmetry near the fixed point, which also seemed
reasonable. Unfortunately, | wasn't able to show mathematically that
it 15 incorrect, but later [ will discuss what seems to be responsibie for

the difference between the two sets of pictur
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What do the Pictures Show

nas peen ver

svrofig ‘ﬂpj” of thorn™ 1\:.” mmir uestion wor TAve Thors romions oo
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that ryrle that ~omehow ‘expand’ as o changes fo nclude intervals o

i Aand thorebhy orve real points which cvele?” and the answer armear-

to pe "No, there are not” Sometning entirely different 1 haprening o-
o RSO -

real cycles appear. There seems to :f—: a series of “waliews' of poinTs
that diverce, and these wvalleys get deeper, or closer to the renl ire
fre. to earh other because the same thing 15 happening for ez o 00
At ~orne point {between o = -1.14015 and -1.140

arowing, and then suddeniv, tor a shghtly difterent walue of o« entire

areas between vaileys "turn red,” that 13, cycle instead of conrzrging

and -1.15 (in this order). Note that the valleys occur evervwhe

rlj

that a red ball will appear and not just along the real
interesting observation that I'm not sure what to make of 1= that the
valleys here don't grow straight, but tend to circle in (see especialil

= -1.14019, a close-up). We aren’t done here though; as « continues
to get more negative, the once "smooth” (from a full-scale view) hali«
show valleys too (o = -1.34 vs. ~1.15). But note this time (o - ~1.348
close-up) that just after the change to a period 4 cycle appears, the
valleys are straight and the entire region that was red turnsd
pink/purple instead of alternating with red. The lack of visible pericd
2 cycles once period 4 cycles exist is consistent with (2) which states
that for "smooth and ‘sensible” real functions, only one cycle 15 stable
(! did not investigate what happens in € when period 4 cycles double

9



to period &, but in R, a

o
<

an 20l points that converged te a period 4
rvcle converge instead to a period 8 cvele).

What [ find interesting 15 that these general patterns alwo
occurred tor the "incorrect” pictures. Here the phenomenon 15 more
interesting: as & decreases past -1.10 we see a mushroom. type shanpe
appearing and wrappmg around inside iteelt by o =-1.14. The clese-ur
tor o = ~1.14015 shows this most clearly and iz quite facsinating, if
inexplicable. Then just 5/100,000'ths later (o = ~1.1402) we sez in the
picture that the entire region of the rmushroom has turned red. There

are ne gradual changes here, as | anticipated finding, rather the rex!

W

oint

13

that cycle appear to "burst” into existence when « gets to a

€

ain value. lt s worth observing here that in order to get the fine
detzil of the pictures, the number of 1terations was increased by 2
factor of ten, so that while this "burst” is. sudden, it takes many
itterations betore it i1s “certain” (to within 0.000001) where a miven
print converges to. And notice there are still some vellow points
where no convergence 1s found in 22,000 iterations. Here with the
‘incorrect” pictures we can also observe the successive valleys "eanng
away” the circles until cycles of period 4 arise {x = -~1.34, -173545
close-up, -1.35). Based on the observation of this pattern in twn
separate (though admittedly related) functions, | would speculate that
these successive valleys are present in all exponential first-order
difference equations. Why some of these valleys are straight {period 2
period 4) and some curve in more toward the end{fixed point —
period 2) is not clear to me.
While the answer to my main question turned ocut to be
“Neo,” in the course of investigating | did find some cy les of peried 21
£ (o = 020, -050). These cycles were a late d
haven't been thoroughly examined; but they seem to appear between

10



o= 0AH and ~001%9 and then dizanpear between o = =033 and -0.571.
- A

0

The two points being cycied befween are not real notice all rea
still converge to the fized point) but are complex con

found by prinfing out succesiive iterates of the function and hasn't

-

been werified mathematicallyl The exact points cvrled hetwrcen zeerm
40 B
to depend on ~, but not on the starting posifion. Thro fxbic contamns

¥perimental reswuits (rounded to 4 dieitsi that were ohtuned e

iterating the point 075 + 115 until it clearly cyecled (to wthin e 10,

ahout 400 terations).

alpha ezl part r imaginary part
-~ 18 1.0000 Q.0000  (the hzed pomnt)
-(3.19 0.7161 1.8%31
- .20 08026 1./847
=322 (3.90189 £975

1
0.24 0.9775% 1
-0.26 1.0000 1.5
-0.28 1.0000 1.3766
~(0.30 1.000G0 1.2
~-0.32 1.0000 1
~0.3% 1.0000
-0.%4 1.0000 0.0000 (the fixed point}

[ws]
e
NS
i~
8 9]

What happens at the start (between ~0.18 and -0.19) i unclear,
PP

(1]

except that the red regions seem to come out of (or go into} the
valleys between humps (o« =-0.20). However, 1t appears that at the
end (between o= ~033 and -0.34) o reaches some value so that the
maginary part gets small enough to be attracted to the fixed point.
At this time all the points that cycled instead converge to the fixed
point; the regions that were once red appear to have turned blue
(compare pictures for o = ~0.%0 and -0.55).

The other point of interest here 1s that none of this

happens in the “incorrect” model. The complex cycles don't appear




and there isn't the large increaze in the number of convergent pomts
{(to the fixed point) between o« =000 and ~055 that exist mn the
‘correct” pictures. [t seems that it 15 this cycle in the compiexes that
eveniually converges to the fixed point that causes the lack of

A

sommietry arovind the fived nomt in the “correct” mictures. Whey ths

happens in one moael and not the other when they seem so similar in
other respects 1s not known io me. Perhaps the answer fo thic
question 15 part of a fundamental difference between the two

tunctions or between twe larger classes of functions that have this

general difference.

Conclusion

So, we have seen that for the map studied, cveles of period
7 do not slowly merge into the real line from €; rather when they
appear in R, cycles also appear simultaneously in €. Additionally, we
found that there are cycles of period 2 which oscillate between
cornplex conjugate pairs for seme interval of o values. But what
happens at the ends of this interval to "start up” and "kl off" the
rycle 1s not entirely clear pictorially and unexplored mathematically.

How, and if, these results generalize to polynomial maps 1 have not

imnvestigated.
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