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INTRODUCTION

The question that we examined this summer was how the

remaoval of squares affected the number of domino tilings of a
given regicn. The regions we concentrated on were rectangle of
size m % h, where m or n had to be even. The dominoes used in
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our tiling were rectangles, & x 1 ar 1 x 2 in size. The rules we
followed in removing unit sguares were as  follows: 1. Color
sguar es ih region like a chess board; Z. Remove an equal number
of red and black unit squares; 2. Remove only border squares;
4.Do not  cause the region to become 2 or more disjoint regions.
A border square is  one that shares an  edge with  three or less
cther sguares. Tiles that become border squares at any point
during the removal of squares are then available for removal as
long as  their removal  would not go against rule 4 above. The
term mutilated is used tao describe a region after the desired

remavals have occurred.

STARTING CONDITIONS

Looking at  all  possible rvegions  is  much too broad a
gquestion., As long as you start with  a rectangle that has at
least cne even side you will be able to find one tiling of the
mriginal region. Al even side assures an even area in which half
the squares are red and half are blacl. Each domino covers one
red and one black square. We need to start with a rectangle so
that we are assured at least wone tiling on the original area.
There are regions that have egual numbers of red and black
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squares that have no tilings but that can be mutilated so that a

tiling of the new region does exist. For example:
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Our geoal was to show that mutilating a region causes there

to be fewer tilings of the new region than of the original
region, or to find a counter example. We have not yet succeeded
in this gaél. Adapting methods for counting tilings of

rectangles in kasteleyn’s paper we developed two methods of
counting tilings of mutilated regions. The first invelves
creating a matrix and taking its determinant. The gecond creates
permutation that stand for possible tilings and then counts the
permutations that satisfy certain rules.
THE MATRIX WAY

In Kasteleyn’s paper we discovered that the number o f
tilings of a rectangle is equal to the square root of the
determinant of a matrix of 1’s, O's and —-1’s. The main drawback

=f this method is the size of the matrices involved. To lock at

a six by six square requires a 36 by 3€ matrix. The dimensions
=f the matrix equal the area of the non mutilated region. The
unit squares are humbered in ascending order starting at the
battom left wcorner, warking across each rvow before going on to
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the row aboave. For a 2 by ¢4 rectangle it would look like this:

Sl |3 |8
V213 |

Mathematica was used to create an off diagonal upper triangular
matrix, A(i, j), and then subtract it’s transpose from it to get
the matrix we needed. Each entry in the matrix A(i, j) stands for
the type of connection between two squares following these

guidelines:

ACi,j» = 1 if it is passible to put a harizaontal tile
over sguares i and j or if 1 and j are even
and it is possible to cover them with a
vertical tile.

Ali, j» = -1 if i and j are odd and it is possible to
cover them with a vertical tile.

ACi, j» = 0 otherwise

For a two by four rectangle

O 1 0 0 -1 0 0 5\
O 0o t o O 1 9 O
0O O o 1 o 0 -1 O
O O O O 0 O 1
O O 0 0O 0 1 O 0
O O 0 9O 0 O 1 0
O O O 9O 0O 0O 0 i
O ©Q O QO Q O O <
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ACi, j?

And DC(i, j) = ACi, j» = Transpose(A(i, j))

r—
O i O QO -1 O Q Q
-1 o 1 0o 0o 1 o ;\
O -1 (9] 1 O O -1 Q
D = G 0 -1 9O o 0 O i
1 % N T & B & 1 G 0

QO -1 o O -1 (®] 1 0
Q O 1 Q O -1 Q i
LO 0o 0 -1 0 O -1 o

In this case the square root of the determinant of D equals five.

Which is the number o=f ways of tiling either the two by four or
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the four by twa rectangle. The matrix for the four by twa looks
different but the square root of the determinant is the same.

Now if we wanted €t loaok at a 2 by 4 rectangle minus the top

corners, s—m_q,—lg
2 [3]9

the rules for the elements of ACi, j) are the same as above except

that we rconnect the squares we have removed, make A(S,8) = 1, and
make all other elements involving S or 8 equal to 0. So that

ACL1,S) = ACS,6) = AC7,B8) = A(4,8) = 0. Just as before,

F—O i O 0 0 O 0 0
-1 0 1 o © 1 O 0
o-1 o 1 o o -1 0

N
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D = A - Transt(A) = O O -1 0o Q0 0 0
Q 0 O 0 Q 0 (®)
O -1 0 Q (9] Q i
O 0O i o 0O -1 0
O O 0O O 1 O 0

)
(o el =1
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!
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The determinant of this new matrix equals one, there is only one
way to tile the above shape.

When removing more than two border squares it does not
matter which ones you choose to connect as long as they are not
both red or both black, and that you have not  previously chosen
to connect either sguare to another sguare. If in the above
example I had alsa removed three and four 1 could have connected
(2 and S5 and (4 and 82 or (3 and 4) and (3 and 8). One thing we
would like to determine is if it is possible to give the new
connections the value 1 aor if =1 is necessary in certain
circumstances. In the few rcases where odd squares were removed

and connected the determinant was unchanged by the use of 1 or

-1.



PERMUTATION WAY

kasteleyn’s paper also showed us how to use permutaticons to
count tilings of non-mutilated rectangles. This apprcoach runs
into the same difficulty that the determinant did, that is size,
because we have to find all the permutations of the numbers one
through 3, where S eqguals the area of the rectangle. We wrote a
paszal program  that finds all the permatations and then,
following certain rules, erases permutations  that do hnot

correspond to a possible tiling. The rules for possible tilinas

are:
1. nd1d < AC2); ni3) < nddd; ni3) < niBI; « « - nES=1) < n(S)
2. neld) < n(3) < N3y « - . . T onesS-12
2. Either n(i) = n(i+1)=1 as long as n(id is not at  the end
of a vrow, or nii) = nli+l) - r, where r equals the number
af columns and i) is not in the top row.
We really don’t have to find all the permutations. Due to
rule 2, we only need permutations that begin with ndl) = 1. This

atill leaves us with a large number of permutations to compute
and then check. Just looking at a four by four sguare gives us
15! permutations of the numbers 1 through 16 to deal with.

To use this program to count tilings of mutilated regions we

would add rules that coincide to a particular mutilation. These
rules would have to connect, one to oane, the squares that wer e
removed. (For a copy of the program see Appendix A)

NMUMBERINIE SYSTEM

On a suggestion from FRobert Burton (0SUY we wauld like to
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evamine the effects of an alternate numbering system. Instead
of working across the rows from the bottom up, we work across an
the diagonals. Start with 1 in the bottom left corner, then
place 2 in the second from left bottom and work up and back along
that diagonal. Once cone diagonal is filled return to the bottom

left most empty square. For a four by four square the new

numbering looks like this

10 13 135 1;1
& 3 1z 14
3 S 8 11
1 2 4 7

|

It has been - suggested that this system might produce morve

symmetry when using trees to count tilings.

CONCLUSION
We plan to continue the work we have begun on this topic.
Some more topics we would like €t lock into are:
1. Determine affect of mutilating rectangles on the number of
tilings.
Z. Find an upper bound for the number of tilings of similar types
of mutilated regicns.

2. Look at trees as a way of counting tilings.
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procedure Ffivar Fer_arrvay @ FParray; var J0 integerd;

-

var I intsger

if Per_arrayl 11 = O then J 1= J + 1,
writslniJl;

end,

= O then O = false,
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