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ABSTRACT. We look at orienting graphs in a way that minimizes either the maximum in-degree, or
the lexicographic order of the degree sequence. We sometimes also stipulate that the resulting graph
have some property; either acyclic or strongly connected. We prove that in the strongly connected
case minimizing the maximum in-degree can be done by a greedy algorithm. We then show that
minimizing the lexicographic order of the degree sequence is NP-hard in the acyclic case.

1. INTRODUCTION

We investigated the problem of orienting edges of a graph so to minimize the maximum load
of a vertex. In other words, we wanted to minimize the maximum in-degree of a vertex. This
problem has been solved when there is no restriction on the orientation and when the orientation
must be acyclic [V]. We will restrict ourselves to the case where the edges are unweighted, as
[LLP] and [AMOZ] have shown the problem is NP-Hard for weighted graphs and gave various
approximation results. We will give a polynomial time1 algorithm and prove its correctness if we
restrict the orientation to be strongly connected.

A natural extension of the problem of minimizing the maximum in-degree vertex is to minimize
the lexicographic order of the in-degree sequence. This minimizes the number of maximum in-
degree vertices, and then the number of next largest in-degree vertices etc. This problem has
a polynomial-time solution in the case where there is no restriction on the orientation, and an
extension of this work also minimizes the lexicographic order of the degree sequence for strongly
connected [unpublished]. We will show that restricting the orientation to be acyclic, causes this
problem to be NP-Hard.

1.1. Definitions. In our problem we begin with a graph, and then we orient the edges in the graph.
We are most interested in the resulting degrees in the directed graph.

Definition 1.1. The degree of a vertex is the number of edges adjacent to it. The in-degree of a
vertex is the number of edges oriented into that vertex. Likewise, the out-degree of a vertex is the
number of edges oriented out of that vertex.

Definition 1.2. The in-degree sequence for a graph is the list of the in-degrees of the vertices in
non-increasing order.
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When we orient a graph, we keep the same set of edges and just give an orientation to each edge.
There are different types of orientations that we will be working with in this paper.

Definition 1.3. A directed graph is strongy connected if for every ordered pair of vertices (u,v) we
can find a path from u to v following the edges in their given directions.

Definition 1.4. A directed graph is acyclic if there exists no directed cycle in the graph.

We will abbreviate the problem names to make things more compact. When we refer to the
problem of minimizing the maximum in-degree of a graph, we will refer to it as min-max. When
we refer to the problem of minimizing the lexicographic order of the in-degree sequence of a graph
we will call it min-lex.

2. STRONG CONNECTIVITY

We will begin by looking at the case in which we restrict the orientation to be strongly connected.
It may seem at first glance the min-max strongly connected may be ’close’ to the min-max without
constraints. This is not case and the two can be very far apart. We found the following example
where we can always have min-max in-degree be 4, but with the strongly connected condition, can
be arbitrarily large.

As seen in figure 1, we can make a graph G by starting with a K9, now choose 2 vertices in the
K9, u,v. Now add n vertices w1,w2, · · ·wn connected to u and v only. In the non-restricted case
then we can orient the K9 so each vertex in the K9 has in-degree 4, and then orient all the other
edges towards the wi. Now the in-degree for each wi is 2. So the min-max in-degree is 4. Now
if we require strong connectivity, then for each wi then one edge must be coming out of it and the
other must be coming in to it. This requires now at least n edges total coming in to u and v. So the
best we could do with a strongly oriented configuration is n/2. Since we can choose n as large as
we want, then the min-max in-degree for strongly connected graphs can get arbitrarily far from the
min-max in-degree without restrictions.

FIGURE 1. This is a graph whose min-max unrestricted is 4, and whose min-max
strongly connected can be arbitrarily bad depending on how many nodes to the side
we have

While the strongly connected case for min-max could be arbitrarily worse than the unconstrained
case for min-max, the idea of path reversal is key to finding min-max in both cases. In the strongly



84 Jennifer Iglesias and Antonio Ochoa

connected case, we must place a simple condition on paths which we choose to reverse to maintain
strong connectivity.

Definition 2.1. We will call a path reversible if we can reverse it without losing strong connectivity.

Interestingly, the criteria for a path being reversible is only dependent on the end points of the
path.

Theorem 2.2. A path from s to t is reversible if and only if there are two edge disjoint paths from
s to t.

Proof. Consider that P is a reversible path from s to t. Then when we reverse P there must still be
a path from s to t. So in the original graph there is a flow of at least 2 from s to t. If we consider
any flow of at least 2, we can get two edge disjoint paths from s to t.

Now consider there are two edge disjoint paths from s to t, and any two vertices u,v in the
graph. Consider any cut from u to v in the original graph. The size of this cut is at least one, since
the graph is strongly connected. If s and t are on the same side of the cut, then reversing at path
between them doesn’t change the size of the cut. If t is on the same side as u, and s is on the same
side as v then reversing a path from s to t only increases the size of the cut. If s is on the same side
as u, and t is on the same sides as v then we know that reversing the path still leaves a path, so the
size of the cut is at least 1. Therefore there is still a path from u to v. Therefore the graph is still
strongly connected. �

Now that we have a nice criteria for when a path is reversible. We will now give a rather simple
lower bound for min-max strongly connected, which we will use later to prove the optimality of
our algorithm.

Theorem 2.3. Consider any subset S of vertices. Let nS = |S|, mS be the number of edges contained
within S, and cS be the number of connected components in G[V/S]. Then a lower bound for the
minimum-maximum in-degree is

⌈
ms+cs

ns

⌉
.

Proof. Consider the graph G and any strongly connected orientation. The subgraph G[S] must have
mS edges within it, and at least cS edges pointing into it. So the total in-degree of the vertices in S
must be at least mS +cS. Therefore the best we can do within S is if we spread out the in-degree as
much as possible. So some vertex has in-degree at least

⌈
ms+cs

ns

⌉
. This is therefore indeed a lower

bound for min-max in-degree. �

Having developed some intuition for how the strongly connected case works, we present the
following algorithm which will achieve min-max strongly connected.

Algorithm 2.4. Let k be the current maximum in-degree of a vertex. While there exists a reversible
path from a vertex of in-degree k−2 or less to a vertex of degree k then reverse this path.

To prove the correctness of this algorithm, we must first prove the following simple lemma.
Our algorithm reduces maximum in-degree with each iteration, and there can be at most m

iterations. At each iteration, we compare the at most all pairs of vertices of our graph of which
there is a quadratic number. Determining whether there are two edge disjoint paths between two
nodes can be done in linear time. Therefore the whole algorithm runs in polynomial time.



Orienting Graphs is Hard 85

Lemma 2.5. If there exists, a vertex u which has edge disjoint paths Ps and Pt to vertices s and
t respectively where s and t each have two edge disjoint paths to v, then u has two edge disjoint
paths to v.

Proof. Consider any cut with u in one side U and v in one side V . If either s or t is in U then the cut
has size at least 2, since s and t both have two paths to v. Otherwise s and t are both in V . In this
case, the cut still has size at least two since there is a path from u to s which is edge disjoint from a
path from u to t. Therefore the flow from u to v is at least two. So there are two edge disjoint paths
from u to v. �

We will now prove a more interesting lemma about the graph after the algorithm has run. This
is the key to our proof as the optimality of our algorithm follows immediately from this lemma.

Lemma 2.6. Let k be the maximum in-degree after our algorithm has run and let v be vertex with
this in-degree. Let X contain v and all the vertices which have two disjoint paths to v. Let C be a
component of G[V\X ]. There is exactly one edge from C to X.

Proof. Let C be some maximally connected component in G[V\X ]. Let x1,x2, · · ·x` be the vertices
in C which have arcs from C to X . Note that each xi must have at most one edge to X since
assuming otherwise implies there exists an xi with two edge disjoint paths to v by lemma 2.5
which contradicts our definition of X . Let Ci be the set of points in C which have a path to xi
without leaving C. Since G is strongly connected, then every vertex in C has a path to a vertex in
X , so each path must have an arc which goes from C to X at some point. Therefore every vertex
in C is in one of the Ci. Suppose for the sake of contradiction that a vertex u is in two of the Ci,
let it be Cα and Cβ. There is a path from u to xα and a path from u to xβ entirely within C. We can
take u′ to be the last vertex they have in common. Now we have two edge disjoint paths from u′ to
X . Thus u′ has two edge disjoint paths each to a vertex in X. Since every vertex in X has two edge
disjoint paths to v, it follows from lemma 2.5 that u′ ∈C has two edge disjoint paths to v, which
contradicts our definition of X . Therefore each vertex in C is in exactly one of the Ci.

Since C is connected though, there must be an arc between two different Ci’s, let it be uw from
Cα to Cβ. This would cause u to be included in Cβ. Therefore there can’t be any arc between the
Ci’s. C is connected but partitioned by the Ci with no edge between the Ci. Therefore C =C1 and
there is exactly one arc from C to X . �

We now have the required lemmas to prove the correctness of our algorithm.

Theorem 2.7. Algorithm 2.4 achieves the min-max in-degree for strongly connected orientations.

Proof. Let v, k and X be the same as defined in lemma 2.6. All the vertices in X must have
in-degree k or k−1 for our algorithm to have stopped.

If we let nX be the number of vertices in X , let mX be the number of edges in X , and let cX be the
number of connected components of X . We know the sum of the in-degrees in X must be exactly
the number of edges in X plus the number of edges coming into X . The number of edges coming
into X is cX . Therefore we have

nX k ≥ mX + cX > nX(k−1)

k ≥ mX + cX

nX
> (k−1)
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k =
⌈

mX + cX

nX

⌉
Since we know that

⌈
mX+cX

nX

⌉
is a lower bound for the minimum maximum in-degree, we can’t do

any better. So our algorithm achieves the minimum maximum in-degree. �

3. ACYCLICITY

While min-max acyclic probably has the simplest of the min-max algorithms, min-lex acyclic is
the hardest. The min-max algorithm for the acyclic case is to repeatedly take a vertex of smallest
degree among unoriented edges and orient edges that haven’t yet been oriented into this vertex.
Trying to minimize the lexicographic order of the degree sequence for an acyclic orientation is
NP-hard. To show this, we will show an easier problem, to which min-lex reduces, is NP-Hard. To
start, we first need to describe the gadgets and define some new terms.

3.1. Making the Gadgets. We define a k-gadget graph H` for 0 < `< k and k odd to be such that:
(1) All the vertices, except the root vertex r, have degree k
(2) The root vertex r has degree k− `
(3) H`\{r} is connected

Our construction will depend on the parity of `.
We can construct such a our graph H` as with two copies of Kk, r our root vertex, and s if ` is

even. If ` is odd, connect the root to (k− `)/2 of the vertices in each of the complete graphs. If `
is even, connect r to k− ` vertices in one of the Kk, and connect s to `/2 vertices in this same Kk,
and k− `/2 of the vertices in the other complete graph. Now with the non-root vertices of degree
k−1 just put an edge from one to another vertex of degree k−1 in the other Kk.

These k-gadgets have the desired qualities. By construction, all the vertices but the root vertex
have degree k, and the root vertex has degree k− `. Since 0 < ` < k, we will always have at least
one edge between the two complete graphs in the k-gadget. Therefore H`\{r} is connected.

3.2. t-Strippable. We will define a graph to be t-strippable if there exists an ordering of the ver-
tices, such that we can remove the vertices in this order and at each step the vertex we are removing
has degree at most t.

If a graph has Minimum Maximum in-degree t, then the graph is t-strippable. Another specific
type of graph which is t-strippable, is when a vertex is removed from a graph where every vertex
has degree at most t. In particular, once we remove a vertex from any of the gadgets, the entire
gadget becomes (k−1) strippable.

Lemma 3.1. For any v a vertex in a k-gadget H` then H`\{v} is (k−1) strippable.

Proof. We will show that whenever we have removed some positive number of vertices from H`,
there is some vertex with degree less than k. Let S be the set of vertices we have removed so far.
Consider N(S) the neighbors of S, which aren’t in S. Since removing the root vertex from H` does
not disconnect H` then N(S) always contains a non-root vertex unless S =V or S =V\{r}. If N(S)
contains a non-root vertex, then we can take this vertex next in our order. If S = V , then we have
stripped all the vertices from the gadget and are done. If S =V\{r} then we can remove r since its
degree is now at most k−1 when all the vertices in the gadget are removed. So any k-gadget, with
a vertex removed is (k−1) strippable. �
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3.3. Min number of max acyclic is NP HARD. We know that finding min max acyclic takes just
polynomial time and can be done by stripping. We show that the problem of Min Lex Acyclic is
NP hard by a reduction from Set Cover to the related problem of Number of Maximum In-degree
vertices in an Acyclic orientation [GJ]. The problem Number of Maximum in-degree vertices in
an Acyclic orientation takes a graph G and a number `, and says whether there exists an acyclic
orientation of G where at most ` vertices have the maximum in-degree. The problem of finding
acyclic minimum lexicographic order solves the problem of minimizing the number of maximum
in-degree vertices.

The reduction will be from Set Cover to Number of Maximum in-degree vertices. Let our
instance of Set Cover be S = x1,x2, · · · ,xn, C = S1,S2, · · ·Sm, and `. Set Cover asks if we can
choose at most ` sets from C which cover S. We will now create our instance of Number of
Maximum in-degree acyclic.

Let k be the smallest odd number which is greater than all |Si| and fi where fi is the frequency
of the element i in the sets in C. Now let k be the smallest odd number which is at least x. We will
now construct our graph for Number of Maximum in-degree vertices as follows. For each Si create
a k-gadget H1, call the root vertex for this gadget ui. Now for each xi ∈ S, create a k-gadget H fi ,
and call the root vertex for this gadget vi. We will now connect ui to v j if and only if x j ∈ Si. In the
resulting graph, all the vertices except for the ui have degree k. The ui have degree k+ |Si|−1.

Note that G is k-strippable. We can strip a vertex of degree k from each gadget, and then
the remainder of the each gadget is (k− 1)-strippable. So G is k strippable. We also know that
originally all the vertices in the graph have degree at least k. Therefore Minimum Maximum In-
degree acyclic for G is k.

Theorem 3.2. G has an acyclic orientation with at most ` vertices of in-degree k if and only if
there is a set cover of size at most `.

Proof. First, we will prove the forward direction. Let X be the set of ` vertices which have in-
degree k in our solution to Number of Maximum In-degree. Let C ′ be formed by all the sets whose
gadget have an in-degree k vertex, and for each element gadget that contains a in-degree k vertex,
take any set which contains that element. Clearly we have |C ′| ≤ `. We need to show that every
element in S is covered by a set in C ′. We know that G\X is (k−1) strippable. Consider any xi ∈ S.
Within the stripping process of G\X , the only ways for the gadget for vi to become k−1 strippable,
is for one of the vertices to have originally been in X or an edge from a u j to be removed. If one of
the vertices was originally in X , we picked a set covering xi. If none of the vertices in the vi gadget
were removed that means we were able to k−1 strip one of the gadgets at a u j, where S j contains
xi, before we k−1 stripped the gadget at vi. A gadget at an u j becomes k−1 strippable only if one
of its vertices are removed or all the gadgets at vr it is connected to became k−1 strippable. The
second case can’t occur for all such u j. So there was a vertex removed from the gadget at some u j.
Therefore we took S j as one of the sets covering S, and xi gets covered. So the sets induced by X
cover S. We have at most ` sets which cover S.

Now we will prove the reverse direction. Let C ′ be the collection of at most ` sets from C which
cover S. If for every Si ∈ C ′ we take a non-root vertex in the gadget at ui, then then these ` vertices
can all be taken to be sinks and the remaining graph becomes k−1-strippable. Each of the gadgets
at a ui where a vertex is removed becomes k− 1-strippable. Now every v j is next to one of these
ui. The gadgets at each of the v j become k−1-strippable. So we are now just left with the gadgets
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at the ui which weren’t chosen. The remaining ui all have degree k−1 though. So the remaining
gadgets are k−1 strippable. So we have found an orientation which has ` vertices of degree k.

�

We can solve the problem of minimizing the number of maximum degree vertices if we could
solve min-lex. Since the problem of minimizing the number of maximum degree vertices is NP-
hard for acyclic orientations, then min-lex must be NP-hard for acyclic orientations.

4. CONCLUSION

We were able to provide a polynomial time algorithm for min-max strongly connected and prove
its correctness. It turns out that only a slight modification to the algorithm allows us to also find
min-lex strongly connected. The results for this will be provided in a later paper. Even though we
have simple algorithms for min-lex unconstrained, and min-lex strongly connected, min-lex acyclic
is NP-hard. Another problem which is related to minimizing the lexicographic degree sequence is
minimizing the sum of a convex function of the in-degrees. The problem of min-lex and minimum
sum of a convex function are the same for the unconstrained case and the strongly connected case.
One problem that remains open though, is the problem of minimizing the sum of a convex function
of the in-degrees with restriction to an acyclic orientation.
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