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ABSTRACT. In this paper we present explicit and analytical solutions to the Stokes equation
on the half-space, Ri, with data for initial velocity and boundary velocity. Our approach to
a solution for velocity and pressure involves integral transformations, Green’s functions, and
a Helmholtz decomposition. Our main results demonstrate that the velocity derived from
this initial value and boundary value problem can be expressed as the curl of the convolution
of vorticity and the fundamental solution to the Laplace equation in our domain.

1. INTRODUCTION

The Navier-Stokes equations describe the motion of an incompresisble homogeneous fluid
in terms of its velocity and pressure in a three-dimensional space, where incompressibility can
be defined as constant density by volume[l]. Our understanding and computation of these
equations allows us to model a spectacular range of physical phenomena from combustion
and turbulence, to the motion of rivers, to the weather forecast. Due to the nonlinear nature
of these equations and other the difficulties solving them, there’s a strong call for research in
this area. This paper aims to solve a linearized verison of the Navier-Stokes equations called
the Stokes equation, which serves as a strong approximation for the original, more complex
model.

The Navier-Stokes equation in R? is shown below
ov
ot

where U = (v, vy, v3) is velocity, t is time, v is viscosity, 7 is pressure, and f: (f1, f2, f3)

represents given, conservative external forces such as gravity. The above equation can be
split up component-wise into the three equations below

(- V)o=vAG—Vr+f (1)

8 (%
ot

We seek solutions to these equations for velocity and pressure on the half-space instead of all
of R3 so that we have an initial-value and boundary-value problem. Notice, however, that
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we have three equations, but four unknowns: vy, vo, v3, and 7. For this reason, we introduce
the condition of incompressibility of the fluid, which can be described physically as constant
density throughout. Mathematically, incompressibility is described as setting the divergence
of the velocity of the fluid to zero, i.e., V - ¥ = 0, as opposed to a compressible fluid where
V-7 #0.

Now that we have the four equations for our system laid out, we will elaborate further
on their physical interpretation. We can describe the Navier-Stokes equations as Newton’s
Second Law, i.e., FF = ma or a = F/m. The left side of the Navier-Stokes equations is
acceleration, or the derivative of velocity. Specifically, the left hand side, by definition, is
the material derivative of velocity, %f . A material derivative describes the rate of change
of some physical quantity (velocity, in this case) of a material element (an incompressible
fluid) which is subject to a velocity vector field which depends on space and time [7]. Thus,
the material derivative concept helps us see why the left hand side is an acceleration. The
right hand side can be thought of as the external forces (i.e. gravity) and internal forces (i.e.
viscosity) in terms of density, pressure, and other forces.

Even on the half-space, this equation is very difficult to solve due to its nonlinear nature
and because there are two unknowns in the same equation, to name a couple examples. For
this reason, in order to gain insight into the motion of the fluid, we linearize the Navier-
Stokes equations and solve the linearized version—the Stokes equation. This allows us to
approximate the Navier-Stokes equations in certain situations with certain conditions.

We begin by assuming that f in Equations (1) and (2), which is the sum of external forces
acting on the incompressible fluid, is either equal to zero or conservative. Because f is often
just the force of gravity, it is fair to assume that it is conservative. If f is equal to zero,
then we can remove it from the equation entirely. If f is conservative, we can write it as a
gradient of a potential function, say, Vg. We then have % = v/AU— V1 + Vg, which can be
expressed as % = vAU—V(m — g) by linearity of the gradient operator [4]. Let p be defined
as the quantity m — g. Then, we have the version of the Navier-Stokes equations that we will
linearize:

ov

ot
Equation (3) can be linearized through a dimensionless process [1]. As viscosity becomes
sufficiently large and/or velocity becomes sufficiently small, then the nonlinear term (v'- V)
can be ignored. Physically, we can interpret this linearization as slowing down the fluid
flow by a large amount and/or making the fluid so viscous that there is no turbulence or
swirling anymore. After the linearization process, we have a good approximation for the
Navier-Stokes equations. We let viscocity be equal to 1 for simplicity, and we are left with
the version of the Stokes equation that we will study in this paper:

4 (7 V)G = vAT— Vp (3)

ov
— =v/Av— Vp. 4
T p (4)
The last piece to setting up our problem is to establish initial and boundary conditions for
velocity. Velocity must have continuous first order partial derivatives with respect to time,
and continuous second order partial derivatives with respect to space. We wish to solve the
Stokes equation for general initial and boundary velocities. We will refer to these values as

Uo(x,y) and d(x,t), respectively, where x = (z1,x2) and y > 0. Now we have our complete



Solutions to the Navier-Stokes Equation on the Half-Space Ri and a Sphere using Dirichlet and Robin Boundary Condition3

Y

)

FIGURE 1. The Half Space, R%

setup to solve the Stokes equation on the half-space for an incompressible fluid with data
for initial velocity and boundary velocity:

( W=A7-Vp on R}
V.-i=0
(. y,0) = (2, y), r€R? ye(0,00) (5)
i(z,0,t) = d(z,t), z€R? te(0,00)
a-n=>0

\

where the last equation states the condition that the boundary velocity at y = 0 has zero
normal component.

In order to solve System (5) with its general initial and boundary data for velocity, we
will split the problem up into two cases with differing conditions for initial and boundary
velocity. Specifically, Cases 1 and 2 as follows:

(1) Initial data # 0, boundary data = 0.
(2) Initial data = 0, boundary data # 0.

Then, by linearity, we can add together our solutions for v’ for Cases 1 and 2 to get a general
solution for ¥, and we can apply the same principle for p. For each case, we approach the
problem to solve for velocity and pressure using Fourier transforms, Laplace transforms, and
the Helmholtz Decomposition Theorem.

For Case 1, our explicit formula for velocity in the Stokes Equation when initial velocity
is nonzero and boundary velocity is zero is the curl of the convolution of the fundamental
solution to the Laplace equation against the vorticity, as seen below:

7=V x / / w(x')y,t) — dx'dy’
o Jre dr/lr — 2P+ (y+y)?  dr/e— 2P+ (y — ¢)?

where the curl is with respect to x1, zo,y. In this formula above, x represents the tangential
spacial variables x1 and x5, and y is the normal spacial variable. Furthermore, w0 is vorticity
which is the curl of velocity, i.e., W =V x 7.

For Case 2, our explicit formula for velocity in the Stokes Equation when initial velocity is
zero and boundary velocity is nonzero is

T =Vo+VxA
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e —y3T 72|:1: 2|2
/ / az(2',t)dx'dr
R2
1

/Ri <47r\/\x—1:/| +(y+y)? Amy/]z— 2|+ (y—y)?

where

A:

) dz'dy.

Because our Stokes equation is linear, by the Superposition Principle we can express our
total velocity on the half-space to be the sum of our two velcoities, ¥, U such that:

U= _’1 + 172, < Ri
Pressure can be derived from velocity, ¢, using the Stokes Equation. The equation, Vp =

(% — A)¥, can be simplified down to its component parts (p1,p2,p3) = (f1, f2, f3) where

fi = %i" — (%;Z + %x”’ + 2 ”’) Solving for each component of p reduces to a problem of

solving for a potentlal functlon from a conservative vector field. Solving each equation
p; = f; would give us a possible expression for p, but not a unique one, as solutions for p will
vary by constants due to the fact that it is a potential function. Thus we have obtained a
specific solution equation to velocity on the half-space given arbitrary initial and boundary
data, as well as a specific process to find the pressure.

2. BACKGROUND

In this section, we introduce definitions, notations, and previous results.

Definition 2.1. Let u = u(t) be a piecewise continuous function ont > 0 and of exponential
order (i.e. |u(t)| < ce™ fort sufficiently large and ¢,a > 0). Then, the the Laplace Transform
of u(t) is defined as

A Laplace Transform is an integral transform which converts a function of a real variable ¢
to a function of a complex variable s. A Laplace transform holds the following properties
for derivatives of u(t) :

3]

For computing Inverse Laplace transforms, it is convention to use a table of Laplace
Transforms. [3]

Definition 2.2 (Convolution for Laplace). If f(t) and g(t) are piecewise continuous func-
tions on [0, 00] then the Convolution Integral of f(t) and g(t) is [6],

(o)) = [ st =(r)
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Theorem 2.3 (The Convolution Theorem for Laplace Transforms). Given f(t) and g(t) with
Laplace transforms F' and G, respectively, seen below, allows us to take inverse transforms
of transform products.

(f % 9)(t) = L7F(s)G(s)]-

The Convolution Integral and Convolution Theorem are important tools when taking in-
tegral and inverse integral transforms of equations that can’t be easily solved using partial
fractions. In both Case 1 and Case 2, we use the Convolution Theorem to take the inverse
Laplace transform of our Green’s Function to obtain an explicit expression for each com-
ponent of vorticity, @. Again, u being absolutely integrable indicates that it is in the L!
function space.

Definition 2.4. Let u = u(z), x € R™ be absolutely integrable, i.e.,
uwe L' ={h:R" — R| [p.|hlde < oo}. Then, the Fourier Transform of u(x) where x
and & are n-dimensional vector quantities is defined as

-,

Flu(®)] = i(€) = / G (7)di

n

and its inverse

TP S 1\" S R
F@] =@ = () [ S
A Fourier Transform decomposes functions depending on space and time into functions

depending on spatial and temporal frequency. A Fourier transform with respect to = holds
the following properties for partial derivatives of u(z,t) : [6]

Flii(a,0)] = (~i€)i(e)
Flo e, )] = (~i€)%i(€)
Floie, )] = 2-i(6)

Definition 2.5 (Convolution for Fourier). If g(z) and h(x) are piecewise continuous func-
tions on [0, 00] then the Convolution Integral of g(x) and h(x) is [6],

(g% h)(z) = / gl — 2 h(a')d

Theorem 2.6 (The Convolution Theorem for Fourier Transforms). If g(z) and h(z) are two

functions with Fourier transforms g(&) and fL(S), respectively, then the Convolution Theorem
is as follows [6],
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Similar to using convolution for the Inverse Laplace transform as stated above, we also
use the Convolution Theorem to take the inverse Fourier transform of our Green’s Function
to obtain an explicit expression for each component of vorticity, .

It is of importance to note that we refer to (x;,2z3) as . This will remain true throughout
the entirety of our calculations.

3. RESULTS

The aim of this section is to provide our results from solving the Stokes Equation in the
half-space.

Recall that in order to solve System (5), which has general data for initial and boundary
velocity, we split up the problem into two cases:

(1) Initial data # 0, boundary data = 0.
(2) Initial data = 0, boundary data # 0.

We then can add our solutions for velocity in Cases 1 and 2 to reach our general expression
for velocity, and the same for pressure. This process is justified by the linearity of the
differential equation, Equation (4). In each case, we approach our solution for velocity and
pressure with integral transforms and the Helmholtz Decomposition Theorem.

3.1. Case 1. Recall that we wish to solve the Stokes equation for each of three dimensions
of velocity and pressure for an incompressible fluid. That is

{% — AT —Vp

V.-i=0 (6)

where the first equation in (6) represents three identical equations—one for each dimension
of velocity.

Let our velocity ¢ be a function of space in three deimensions and time—that is, v =
U(x,y,t). In our first case, we will solve the Stokes equation (6) with the following data for
initial velocity vy and boundary velocty v,

v(z,y,0) = vo(z,y) # 0 (7)
U(x,0,t) = vp(x,t) = d(x,t) =0 (8)
i.e., initial velocity is nonzero, and boundary velocity (on the z — y plane) is zero.

We begin the task of solving the Stokes equation with this initial and boundary data for
velocity by taking the curl of both sides of the first equation in (6), yielding

0
anﬁ:A(VXﬁ) (9)
which, applying the definition for vorticity, we see is equivalent to
0
Ew = A, (10)

the homogeneous heat equation for vorticity. Recall that Equation (10) represents three
identical equations—one for each of the components of w. Our approach to solving Equa-
tion (10) involves Fourier and Laplace integral transforms and the method of variation of
parameters.



Solutions to the Navier-Stokes Equation on the Half-Space Ri and a Sphere using Dirichlet and Robin Boundary Conditiong

Proposition 3.1. Let velocity v(x,y,t) be differentiable in t, twice differentiable in x and
y, and let v € L*(R?). Additionally, let @ hold the assumptions stated in Definitions (2.1)
and (2.4). Then, the Laplace transform of the Fourier transform of the curl of the velocity
(vorticity) is,

LFI@] = gly) = / TGyt fledr, (1)

where

e—ay(e—atieat) 0 < t <
)
G(y t) - { —at 2% «
) ( Yy U)
Proof. Let w = A be true, as shown in Equation (10). Then, taking the Fourier transform
(2.4) of both sides of Equation (10) with respect to x; and x5 gives us

2
2w = — |0 + a—w (12)

where w = Flw(z,y,t)] is a function of (£, y,t) and £(&1, &).

However, equation (12) is still a partial differential equation. We will simplify our compu-
tations further by transforming this equation into an ordinary differential equation. Taking
the Laplace transform (2.1) of Equation (12) with respect to ¢ we have,

2

scli] — .., = ~I€PLlo] + 5Ll (13)
where L[w] is a function of (§,y, s).
Next, let

9(&y,8) = g(y) = LIF[a(x, y,1)]],

let

f(€,9.0) = fy) = —Fli(z,y.1)]],_,.
and let

= ]" +s.
Then, we can rewrite Equation (13) as

9" (y) — a’g(y) = f(y) (14)

which is a second-order, linear, nonhomogeneous, constant-coefficient ordinary differential
equation with @ > 0 and boundary conditions

9(0) =0
Jim g(y) =0.
Next, to solve Equation (14) we will use the method of variation of parameters as follows.

Let g(y) = u1(y)g1(y) + u2(y)g2(y). Our goal is to determine uq,us, g1, and go in order to
construct a unique solution g(y) for Equation (14).

Taking the first and second derivative of g(y) we have

9'(y) = ui(y)g1(y) + ui(y) g1 (y) + uz(y)g2(y) + ua(y)gs(y)
9"(y) = w1 (y)g1(y) + ui(y) gy (y) + us(y)ga(y) + u2(y)ga (y)-
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Rewriting Equation (14) we have,
uy () gy (v) + ur(y) gy (y) + ua(y) 95 (y) + u2(y)gs (y) — alur(y)gr(y) + ualy)ga(y)) = f(y).

)
Since we are only concerned about the values of u;(y) and us(y), we can impose v} (y)g:1(y) +
u5(y)g2(y) = 0. Thus, ui(y)g1(y) + us(y)92(y) = f(y)-
Then, for solutions to Equation (14), ¢;(y) and ¢»(y), we have

(15)

{ua ()91 (y) + uh(y)g2(y) = 0

We can express the above system of equations in matrix form Ax = b with A = (g ! g 2) ,

91 9
) 0
r= (ui) ,and b = (f(y)) .

We then impose the condition that the Wronskian W (y) of our system of equations, which
is defined as det(A), is nonzero. That is, 9195 — g192 # 0.

Using the system of Equations (15), we solve the system and get the following values for
uf (y) and uh(y):

by — @) fy)
Coy - a)fy)
u2<y) - W 9

where the Wronskian, W = ¢1(v)g5(y) — g1(v)g2(v).

Next, we impose conditions so we can determine the values of u;(y) and us(y). Let u1(0) =0
and lim,_,o u2(y) = 0. Then, we determine the values of u;(y) and uy(y) are as follows:

{Ul(y) oy = A ( dt

fy gl(t)f

Now that we have determined u; and us, our ﬁnal step is to determine g; and gs.
Since g, is a solution to ¢’ — a?g = 0 and ¢,(0) = 0,

2 —ar=0

r =+«
go = e —e Y,
Additionally, for ¢;,
r =+«
g1 = cre” Y + cpe®

However, coe® = 0 because e*Y — oo. Therefore, our values for ¢g; and gy are as follows:

G =
g2 =e* —e Y,
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By the method of variation of parameters, we obtain the solution in the following form:

Ve (—et 4 =t 0 prat(p=ay _ pay)
o(y) :/0 (—e* + )f(t)dt+/ ( f<t)d(t).

2x 2

We combine this expression into one integral using the method of Green’s functions [2] to
obtain the following

00 o=\/IEl+s(uty) _ o=/Ielsly+/|
o) = L7l = | e (AL (16

Therefore, The Laplace transform of the Fourier transform of the curl of the velocity is,

LF[d] = gly) = / TGyt f(tdr, (17)

where
6—ay(€—atieat) 0 < t <
o Y
G(y’ t) = e*at(ega-‘/—e"‘y)
— o y< t < oo
U

Next, we will prove a mathematical statement that will allow us to rewrite Equation (16)
in a form with which we can take the inverse integral transforms to solve for vorticity.

Proposition 3.2. If f € L'(R), then f(ax — ) is also in L'(R), and

E/Zf(x)dx:/(:f(ax—b/x)dx
fora >0 andb> 0.

Proof. Let a > 0,b >0, and f € £'(R). We want to prove that

l/_oo F(z)dz = /_Z faz —b/x)dz.

a 00

First, we use u-substitution from x to u such that au = _Tb to obtain

[ o [ e (2o

Using the fact that
1 a/ f au—é du+a/ f au—é -idu :
2a o u e u/) au?
e b | b b
/ flax—— dx:—/ flau——=)(a+ = ) du.
. x 2a ) u u?

Then, we break our integral from —oo to oo into two separate integrals,

S o) Lo er)e]

we know
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Next, implementing a change of variables where y = au — 9 we obtain the following,

1
— y)d
2a Jdy + / Iy
Then, we can simplify such that,
1 oo
- d
: / Sy

Since variables of integration are arbitrary,

=2 [ fas
/Zf(am—g)dx:%/(:f(m)dm

Thus,

0
Corollary 3.3. Leta >0, b >0, and x € R. Then, e~2% = = I e_ai;bfdr
Proof. Let f(z) = e *". Then,
flaz —bjz) = ¢~ (@ob/o)?
and
ef(asz/z)zefZab _ efa2x27b2/x2 (18)

Integrating both sides of this identity, Equation (18), over (—oo, c0) and applying Propo-
sition (3.2), our left hand side of Equation (18) becomes

/ flax — b/x)e 2 dr = / fx)e 2% dy = \/_—2ab7

and by u-substitution using 7 = x2, the right hand side of Equation (18) becomes

00 efaszbz/Td
/_oo NG

2. . . . .
Because f(x) = e is an even function, this is equivalent to
2 32
00 o—a*T—b /T

—Fdr.
o VT

We therefore conclude that

232
oub a Ooearb/'r
€ = — —dT.

Vil T
0

Assuming that @(z,y,t) holds the criteria of Definitions (2.4) and (2.1), then we can use
Proposition (3.2) and Corollary (3.3) to rewrite Equation (16) in the following form:

*(y+y H? —(y—y")?

/ / ( Wi - ) 7 fle )y dr. (19)
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From here, we can use the Convolution Theorem (2.6) to take the inverse Fourier transform
of Equation (19), and then a table of inverse Laplace transforms to take the inverse Laplace
transform of the resulting equation to obtain a final explicit expression for each component
of vorticity, .

Theorem 3.4. Let w(x,y,t) satisfy the conditions of the Fourier and Laplace transforms in
Definitions (2.4) and (2.1). Then, the solution to the homogeneous Heat Equation 9 = AW
and the expression for vorticity in the incompressible Stokes equation on the half-space when

wnitial velocity is nonzero and boundary velocity at y = 0 is equal to zero is the following:

1 t 00 e‘“”%x/@ e—(yzy,)Q e—(y4—y/)2
i )= — A t—7)- S — S 20
went) =33 | [ /( — )wo< ") =" ardydr. (0

Proof. We begin our work of taking Inverse integral transforms to solve for velocity with an
Inverse Fourier transform of (19). By Definition (2.4), we have that The inverse Fourier of
LF (W] is

—(y+y")? —(y—y")?

a_ b Y A P+ (g o\ af g | ik
L[] = A2 /IR? (/0 /0 ( m )6 - f(&y)dy'dr | e dE1dEs.

Rearranging the right hand side of the above equation gives us

—(y+y")? —(y—y)?
_ 1 & o _1e12r ’ ifx s e 4T — e ar ,
E[w] - 4#2/0 /o |:/IR;2 [e : f(f,y ) e ]d&d&] [e t ( 4T )] dy dr

(21)

where our terms for convolution are in the left hand bracket in the integrand. From here,

let Flg(z)] = e~ 1P7 and let Flh(x)] = f(&,y'). We know by the way we defined f that
FUAEY)] = h(x) = Llw)] (22)

for s = 1,2, 3. In order to find the inverse Fourier transform of e’ on —00 < z < 0o, we will
begin by looking at the Fourier transform of the Gaussian function e=**" for some constant
a > 0. By Definition (2.4) we know that Fle™®"] = [ ¢#¢e~9%"dz which we will define as
h(£). We aim to find an explicit expression for h(£) without integrals or complex numbers.

Taking the derivative of h(§) gives us

W(g) = / i e (—ize™ " ) dy

—00
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We can integrate by parts to simplify the right hand side:

h%ﬁ)::t/woe_mf(—@xe_WQ)dx

—00

= .«3*”3521—ae*“z2 - /_Oo e’ixg(ii)e*“ﬁ;—ada:
— __5 eixfe—axQ dx
2a J_o
—<
=—h
—Sh(e)
This leaves us to solve the first-order, linear ordinary differential equation h'(§) = ;—fh(ﬁ’).
We can solve this equation for h(¢) using separation of variables:
/ dh 19
h 4a
which implies that
1
In(h) = ——&2
n(h) = — & +c
for some constant c¢. Therefore, our solution for h, i.e. the Fourier transform of e is
h(§) = ]-"[e*a"BQ] = / e gy — coefffa. (23)

This result is true for all £, so without loss of generality we can allow ¢ to equal 0, which
tells us that ¢ = [ e~ .
To solve for ¢y, we will take a look at ¢2. That is, for x and y such that z = y, we have

%z/ / ) dxdy.

Note that this y is different from our original y. We proceed by a change of variables to polar
coordinates, and solve the integral as follows:

co = / / @49 dady
27
/ / " drdf

=2

7T<—2a 0)
s \/?

= — = C= —
a a

We therefore conclude that Fle™%"] = /e~ o It directly follows that F[¢ MT] = e ¢,
We can use this result to translate back to our work to show that the inverse Fourler transform
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—|x|2
of el is equal to “—. That is,
|z
€ 4t
F Yl = g(2) = . 24
4] = gla) = < 4

Inputting our newfound expression for h(z) in Equation (22) and g(x) in Equation (24),
into Equation (21) and using the Convolution Theorem for Fourier Transforms (2.6) gives
us the following;:

\w |2 —(y+y")? ~(y—y")?

/ 751-_6 A —e = N
L[] (47?)/ / /11@2< py- )L’[wo(x,s)]e e dx'dy'dr.

Next, we must take the Inverse Laplace transform of the above equation in order to obtain
an explicit expression for vorticity. From an inverse Laplace table, [3]

F(s) = Lf(t).

Then,
L7e™™ - Llwo]] = ur(t)wo(t — 7).
Where u,(t) is defined as the Heaviside Function [4, p. 416] such that,
(1) = {O z.f t<Tt
1 iof t>71

Therefore, u,(t) is only relevant when 7 < t, so we have made the upper bound on the inte-
gral to be t instead of co. We can think of wy(t — 7) as simply pushing the initial vorticity
back in time a few steps, or correcting for the time, but only when that push could not result
in a negative time (this is the use of the Heaviside).

Additionally,
LY L(wy-eT)) = wo(t — 7).

Thus, after taking the Inverse Fourier and Inverse Laplace integral transforms, we have a
unique solution for vorticity, as seen below,

—(y+y')2 —(y—y"?

|z z’
4T — € 4T
T 4r? / / /R2 ( AmT ) wolt =7)- Amt de’dy dr. (25)

U

While it might be possible to explicitly find an equation for velocity directly from the
vorticity equation (25), we do not derive velocity directly from vorticity. Instead, we use
Helmholtz Decomposition Theory [8]. This Theorem states that our velocity ¢ can be
deecomposed into the sum of two different components that we can solve for individually,
which allows for easier computation. Given any vector function v, it is decomposed into two
parts: a part that doesn’t rotate, z, and a part that rotates, @. We see this as

v=7Z+1u (26)
The part that doesn’t rotate, Z, is called the conservative component of velocity. Meaning,
there is no rotation to this vector field. Since there is no rotation, then (V x 2) = 0.
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Furthermore, this component can also be expressed as the negative gradient of a scalar field,
¢. Therefore, 7= —V ¢, also known as the scalar potential of velocity.

The part that does rotate, @, can be thought of as the curl of some vector field A. Since
u is defined as the curl of a vector field, we call it ”divergence-free”, as the divergence of the
curl of any vector is always zero. We name this component such that @ = V x A. Think of
this as the “vector potential of velocity”. Therefore, Equation (26) can be expressed as the
following
T=-Vé+Vx A (27)
This is the idea behind the Helmholtz Decomposition Theorem we employ on the half-
space with our Dirichlet boundary conditions.

Theorem 3.5 (Helmholtz Decomposition of Case 1 Velocity). If v; € LY(R?) = {f : R* =
R: [oo|flde < 0o}, and A € RS is a vector field, then

Hh=VxA  eR} (28)
for @ = (wy, wq, w3) and Uy = (vi,v],v3), where
- 1 1 1
A=— [ d(x,y,t) l — }dm'dy'.
4m? Jes dr/le — o' P+ (y+y)?  dmy/le— 2P+ (y —y)?

Thus, the velocity for the incompressible Stokes equation on ]Ri with nonzero initial velocity,
boundary velocity equal to zero, and zero normal component of boundary velocity is given by

1 1 1
P Tyt _ dx'dy’.
! 472 /R @y >[47r\/‘56 —P+y+y)? Arylr— 2P+ (y - y’)J !

Proof. We know that Helmholtz Decomposition Theorem does work on the half-space [8].
To find the specific decomposition for our velocity, we first, recall the boundary and initial
data for velocity.

3
+

17<I17 Ta, Ovt) = _’|y:0 - 07

BC

100 (2 25 ) 00 T(T1, T2, Y) = Tl 23,) 00 = 0
1C {1, 72,,0) = @

Before we attempt to solve for ¥, we must impose boundary conditions on z" and u. Since
U|y=0 = 0 at the boundary, then 2 and @ must add up to 0 as well.

77|y=0 — O - 5|(] + ’Zj’o
In the most general case, we can let the two vectors equation opposite functions, like
g|y:0 = f7 ﬁ|y:0 = _f
However, for our equation it is simplest to let both components be 0 at the boundary.

Z]y=0 = 0, Uy =0
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Next, as a point in the Half-Space tends toward infinity, its velocity tends toward zero. This
must remain true for the sum of the components of velocity just as before. We can let both
components be zero.

lim  ¥(xy,29,y) = lm  Z(xy,20,y) + lm  @(xy,29,y) =0
(z1,x2,y)—r00 (w1,22,y)—00 (z1,22,y) =00

lim  Z(z1,29,y) =0, lim  @(zy,29,y) =0
(xl,xg,y)%oo (x1)127y)*>oo

We want to find an equation with just either ¢ or A to solve. Thus, the goal is to take
either the curl or divergence of Equation (27), where the operator will make one of the
components go to zero and isolate the other to solve. But in order to solve the isolated
component we must establish the curl and divergence of velocity, which we defined earlier:

V.7 =0, V x 7 = .

With the imposed boundary conditions, we can solve for each component of velocity by
either taking the curl or divergence to isolate a component.

First, we’ll take the divergence of Equation (27),

-,

V- (0=-V¢+VxA)
V- (0)=V-(=V¢)+ V- (VxA)
V- #=V.--V¢
0=—-A¢

This produces the Laplace Equation. We can solve by taking the Fourier Integral transform.
This produces a homogeneous, 2nd-order, constant coeffient ODE we can solve.
Let F[¢] = ¢.

-

Flo=-ad
ngy - |§|2§5 =0
ngﬁ = el 4 oIy,

Next, we impose boundary conditions. Since our boundary for Z],—g = Z],—0c = 0, we can

assume @ly,—o = Ply0o = 0, given 2" is a function of ¢. Imposing our boundary conditions
and solving for ¢ we have,

N . 1
Dlysoo =0 = C1€‘m|°o + co—
o0
=co00+0
0= C1
Bly=o = 0 = cpe” 70
0= Cy.

Therefore,

<
Il
o
Y
I
o
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For Case 1, this implies there is no conservative component to our velocity equation.
Next, we isolate the curl-free component by taking the curl of Equation (26),

w
U = —At, U (zy,x9,y,t) =V X W,

and obtain the Poisson equation. So as before, by using Fourier transform we get an ODE
for @u. Then, we solve for @ using the Variation of Parameters method and Green’s Function.
Let Fl¢] = ¢, ¥ =V x o, and F[¥] = V. Then,

Fl¥

iy, — €

A

_z— x|2

U
U= / / U (z) (e et e*(yfy/ )}dm dy'dr
) RS 47TT (477)3/2

Note, by linearity the curl operator can be apphed to the inside of the integrals or pulled
outside. Simplifying, we get our equation for A where @ =V x A

x N\2 . \2
4 5 / / ¥ 3/2 P e )}dx’dy’dr
7r gy L(477)

J/

U=

-~

-

A

We can simplify further with a u-substitution in the integral for 7. First, let us split up

lo—a’|?

. T _ wty)? _w=y)? .
the integral [ [W (7 —e ar )} dr into two parts as such:
—le—a’ |~ (y+y")? —le—a’|?—(y=y")?

e Ir 0 I
R S = e )

We will begin by simplifying the integral on the left-hand side using u-substitution.

Lot oy — VEoPrety)

o= P+ (y+y)?

T , which indicates du = e Then, we can rewrite
Ne—z! 2 + N2
foo . | \47_ (y+y") J
0 (477)3/2 T as

[ s>
du
0 2m2\/|lx — 2P+ (y+y)?
1 oo
= / e " du
2132\ |z — 2|2 + (y + ¢/)% Jo
B 1
dmy/Jo =2 P+ (y+y)?
We repeat the same u-substitution for the integral on the right-hand side in Expression (29)
except we replace the term /|x — /|2 + (y + ¢/)? with \/|z — 2/[> + (y — v/)2. Following the
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same process, the right-hand integral simplifies to

1
/e — 2 + (y — y')?
o lz=al = (ty')? oo lz=a’2-(=y?
and Expression (29), i.e., [ —a— I)TS/QdT — /5 T — I)TgﬂdT, simplifies to
1 1

ar/lr— 2P+ (+y)? Anlr—aP+ (y—y)°

Therefore, our expression for 4 is

B 1 / B { 1 1 } o
U=V X — w(z, dx'dy’.
Am Jry an\lo— o P+ (y+y)?  Ar/le— P+ (y—y)?

It is clear from this statement that

— 1 1 1
A= —/ w(x,y,t) [ - }dm'dy’
A Jry dny/le — 2P+ (y+y)?  Ary/lo — 2P+ (y —y)?
for 7 = V x A.

We can then insert our newfound expresswns for ¢ and A back into our Helmholtz decom-

position equation 7t = —V¢ + V x A to obtain
1 1 1
=V x— w(z,y,t) [ - }dxldy'.
4 Jry dry/lz — 2P+ (y+y)?  Ar/lz — 2P+ (y —y')?

U

Remark 1. Note, a more general Stokes equation might not assume the fluid is incompress-
ible, V-U'= 0. A more general approach could let the fluid be compressible such that V-v = 6,
where 0 € R. However, our research stayed in the bounds of incompressible fluids, 6 = 0. In
the general case for compressible fluids, then

V-i=V-Vé
5= Ag.
This produces the Poisson Equation. This is the only difference in the Helmholtz Decomposi-

tion method between compressible and incompressible fluids—solving for the Poisson equation
instead of the Laplace equation.

3.2. Case 2. Case 2 addresses the non-zero boundary data and zero initial data for velocity.
The process itself is very similar to Case 1 but with notable changes. To begin, we impose
boundary data,

—

Uo(21,22,0,t) = Uy—g = (21, 22,1)

lim 'U2(x17 T, 3/) = V(z1,z2,y)—00 — 0.
[(z1,22,y)|—00

Remark 2. As a point tends towards infinity its velocity still tends towards 0.
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Additionally, we impose Case 2 initial data,
17(5517 T1,Y, 0) = 0.

Proposition 3.6 (Vorticity Boundary and Initial Data). Let velocity v(x,y,t) be differen-
tiable in t, twice differentiable in x and y, and let ¥ € L*(R?). Additionally, let W hold the
assumptions stated in Definitions (2.1) and (2.4). Given @ -1 =0 from (15) where @ is the
boundary data for velocity, if W =V x U € R, then the boundary data for & is

Wy—o = b(x1, T2, 1)
War wa) o0 = 0,

where b=V x @.

Proof. We want to show that V x (¢],—) = (V X ¥)|,=0.

First, our equation @ -7 = 0 implies g—z = 0 € R? since there is no contribution from

boundary data in the normal direction. Since this is true for our whole space, it is true at
the boundary g—z|y:0 = 0. So at the boundary,

Lok dy  Owy O,y Oy D
V X §= |81, 8ra Oy zw:<ay — ;2, ;1 —ay,a“ —axl >
T Ta Y T2 Y Y r1 0x1 T2
! jok Oxry Oxy Ox ox
V % (tly=0) = (001 Oy Dy| = dy—0 =< —— 2 5 1,8; - axl >
r, 19 O Y Y 1 2
So at the boundary, they are equal. O

With these in mind, we can compute an equation for the integral transformed vorticity
with the same method as in Proposition 3.1 and Equation (14).

Proposition 3.7 (Integral Transform Vorticity). Recall Equation (14) and our conditions
for Vorticity in Proposition (5.6). If LIF[W]] = § € R, then the equation for § can be
expressed as

LIF[W]] = § = fe vV,
where 3 = L[F[w],—o]], from Proposition (3.6).

(32)

Proof. The process to find an explicit equation for vorticity for Case 2 directly mirrors that
seen in the beginning of Case 1 where we take the curl of the Stokes equation, then take
the Fourier and Laplace transforms to obtain Equation (14). However, in Case 2 with zero
initial data, f(y) = —F[w]|t=o = 0. Thus
9"(y) — a*dly) = 0.
To find a specific solution for ¢, we must impose the boundary conditions as stated Propo-
sition (3.6). That is,
9ly=o = LIF]] = 5

lim g’(m,xz,y)—wo =0.
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We now solve the linear, second-order, homogeneous, constant-coefficient ODE as seen below,
g"(y) — a®gly) =0

g = c1e’* + coe” Y

1 = ook
LM (21 )| 500G = 0 = 1™ + o % 0

0261

3= e
L[] = fe VP
U

We use similar techniques from our previous calculations to solve for £][F|[w]], including
taking inverse Laplace and Fourier integral transforms. However, to solve Equation (32), we
must modify Corollary (3.3).

Corollary 3.8. Leta > 0,b > 0,2 € R, then

e~2b = %/ efpzf(%) dp. (33)
0

Proof. From Corollary (3.3) we have the following identity,

2
0o —a?r—%

—2ab __ a € T

"k v

Next, using u-substitution with 7 = u?, we obtain the following,

dr.

2,2 b2

[oe) —a“"uT———=
_ a e u?
L — —2udu.
ﬁ 0 u

Through simplification we have,

2a /Oo 2_b2
—2ab —(au)?—2 d
(& = —= € v Q.
ﬁ 0

Using a second u-substitution where p = au, we obtain,

2a & 2 (.2 1
—2ab _ 2% =)= [ Z ) g
‘ VT Jo ‘ <a> P

which can be further simplified to arrive at

2 /OO ()2 (aby2
—2ab __ (p)*—(22)
e = e v’ dp.
\/7_T 0
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Theorem 3.9 (Case 2 Equation for Vorticity). Let velocity U(x,y,t) be differentiable in t,
twice differentiable in x and y, and let ¥ € L'(R?). Additionally, let 1 hold the assumptions
stated in Definitions (2.1) and (2.4). Then, if & =V x ¥ € R%, we can express an equation
for vorticity as

t 2 2 .
W(xy, T, Y, t) = —— / et e5 Y (x — 2’ t — ¢)da'de. (34)
R2

Proof. With Equation (32) we can use Corollary (3.8) to decouple the £ term. Let /[£|> + s =
a,% =b, then
D) )

£IF() = jﬂ— g
28 2 v2El24s)

e w2 (dp

\/_

2 02 _d2e®d  _yPs
\/ﬁ_ Prem w2 e 4 dp.

Taking the inverse Fourier transform using Definition (2.4) and the convolution from Defi-
nition (2.5),

CJi] 2 * 2 ,ﬁ}__lm ,y2<\s2|2>]d
W) = — e e w e D
VT Jo
1 ,y2<|52\2) 1 —p2|z—a’ 2 )
F [ﬁe 4p ] = 4—71_2 /R2 e y (iL' ) s)dx

Thus,

2 o, sy 1] —pie—a’?
L[w] = ﬁ/ e e w? [R/R e v [(a,s)dx|dp
0 2

25 — |m E \2
47r3/2/ /26 Pl v [l s)da'dp.
R

Before we take the inverse Laplace transform, we first apply a change of variables to ease
our future work with a Laplace table.

Let ¢ = f—i. Then L[w] becomes,
p

. 2 o —y? |z >
E[w]:m/o /R2e4ce SeT2e [ —1',s )43/2dxdc

Then, taking the inverse Laplace transform we have

- 2 o —y? =) Yy —1[ . —cs g ! !
w = W R26 4c € 2c 463/2£ [6 ﬁ(m—l’,s)]dl‘dc
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From our table of Laplace transforms [3], L7 [e ™ F(s)] = u.(t) f(t—c), where u,(t) is defined
as follows:
uo(t) = {0, t<c
1, t>ec

Then, employing the Heaviside Function for wu.(t), we change our upper bound on the first
integral from oo to ¢t and have the following solution for & :

W= 1 3/2/ / edc e 5 402/2g(x—x/,t—c)d:€/d6.
m R2

Remark 3. Note, an interesting observation of our vorticity equation is that

= —laf? 7 / /
/R264ce 2c43/2( 't —c)dx

1s the vorticity equation derived from using Green’s Theorem as opposed to integral trans-
forms [5].

From here, we employ the use of Helmholtz Decomposition Theorem to solve for the
individual components of velocity in order to construct an explicit equation for velocity.

Proposition 3.10 (Helmholtz Components with Non-Zero Boundary Data). Let Z, @ € R
and assume the same conditions as in Proposition (3.5), then

5|y=0 = a:(th%t)a ﬁ’y:o =0
Zl(zl"m’y)ﬂoo = O’ E|(I1,I27y)%oo =0.

Proof. Recall from Proposition (3.5) that the components of velocity must sum to velocity
at velocity’s initial and boundary value data. Therefore, we can let

17(:61, T, 0,t> = Uly:() = 0,
BC

11m‘(1‘1,$27y)|4}00 U(x17 T2, y) = U|(11,$27y)ﬂoo =0

10 {21, 22,9,0) = @

U’yzo = (1,29, 1) = g|y=0 +ﬁ|y=0
=i =0
6(1’1, T, t) = _)|y:0~
Similar to Theorem (3.5), 2= 0 and @ = 0 towards infinity. O

With our decomposition, we can find an explicit formula for velocity given non-zero bound-
ary data and zero initial data on the half-space.
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Theorem 3.11 (Helmholtz Decomposition of Case 2 Velocity). Given non-zero boundary
data and zero initial data, if U, € L'(R?*) = {f : R* = R : [, |flde < oo}, then

Ty=Vo+VxA (35)
where
-1 o0 e—y27' e—2|:c—ac’|2 ,
= — t)dx'd 36
=5 [ | Tt i (30)
o 1 1
A= / 1?)’( — >da:'dy'. (37)
R Mmy/|le -2+ (y+y)? Az — 2+ (y — y)?
Proof. Like in Theorem (3.5), we must solve for the components of velocity, 2= —V¢, and

@ =V x A. We start by finding Z.
Taking the divergence of Equation (35) we obtain
V. (5=
0=
Next, we use the Fourier transform to isolate F[¢] = ¢. Let o2 = |€]2, then
by — 0’6 =0

95 = 1Y + cpe V9.
It is important to note,

Zlyeo = Volymo = @

< Quys Oy, Oy > =< @y, Ao, g > .

By taking the Fourier Integral transform of ¢ above, it’s boundary condition of @ changes:

i€10]y=0 = a1

i€20ly=0 =
D .
1= —0 — as.

Next, we impose Neumann boundary conditions by first taking the partial derivative with
respect to y. First, solving for ¢; we obtain,

~

¢|(1‘1,1‘2,y)~>00 =0= 016C>O +cy-0

0= Cy.
Then, solving for c; we obtain
8_(5 = —acge ¥
y ?
% _,
— as = —ac
ay y=0 3 2
—ds
Cy = —
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Then, we have ¢ = “3 =3 o—ylel

Now, we must take the inverse Fourier transform of QAS However, each of the three components
of ¢ is a function of £, and we have no technique to take the inverse Fourier of such functions.

So, we use Corollary (3.3) with e ¥l such that a = |¢|,b = ¥ to make our function more
approachable. Then,

~lePr-1
2V Jo NG
The [£] from the equation above will cancel out the |£] in the original ngS equation. Through
simplification,

dr.

T I
p=—BBL [ Ty
€l 2vm Sy VT
— —le[>r
M/ Jr
1 472 2
¢ = T F e Ty

2T )y VT

Now we can compute the inverse Fourier. Recall Definition (2.6), where the inverse Fourier of
two multiplied functions of ¢ is the convolution of their individually inverse Fourier functions:

Fg-h] = (g*h)(2).

So, let
§g=—as, h=ell
Now we will take the inverse Fourier transforms of both ¢ and h. Starting with g,
Fgl = 7:*1[—&3]

g=-i

Then solving for E,
b = F e
- —|=|?
h=e2 .

Now that we have g and l_i, we use the Convolution integral to write them as follows,

L7 S e
gxh= —ase” 27 dx'.
R2

Now, our equation for ¢ is

Tdd 38
/ R2\/_a362 Z'dr. (38)
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Next, we must find the scalar component of velocity, A. Taking the curl of Equation (35),
we have the following
V x (§=—-V¢+V x A)
W=V xu
V xd=—-Ad
U = —Ad, U = U(xy,x9,y,1).

1

Referring back to the proof for Theorem (3.5), our process to find A for Case 2 is identical
to that of Case 1, regardless of varying boundary conditions. Therefore,

7 V X / _’( t)|: 1 1 d /d /
U= w(x,y, — ray.
RY Amy/le — 2P+ (y+y)?  dny/|z — 2P+ (y — )2

O

Theorem 3.12. (Velocity Equation on Half-Space) Given non-zero boundary data and non-
zero initial data, if ¥ € L*(R?), then the velocity U on the half-space R can be expressed as
the explicit equation

T= Vo +Vx24 (39)
/ / e - e ‘;‘2 a (o, t)dx'dr (40)
“oih e o
A =ii(z,y t)/ [ ! - ! dd'dy’.  (41)
U e Un o =2 P+ (y+ )2 dAn/lr— 2P+ (y — v)?

Proof. Due to the linearity of the Stokes Equation (4), we are able to solve Case 1 and Case 2
for velocity, then add them together using the Superposition Principle to obtain a complete
equation for velocity. Therefore,

ﬁﬂﬂ+m

wa@%)/ [ 1 - . ]mmm
RY 47T\/|90 — 2P+ (y+y)?  Arlr— 2P+ (y —y)?

e LA

1 1
+vxw$ayat / [ - ]d[[’ldy/
() Ry Lmy/lo — 2P+ (y+y)?  dry/]o— 2P+ (y — y)? |

Through simplification, we obtain our general solution for ¥,

U= / / 64T €7|; ag(w’,t)dx’dT]
2\/_ R?

Q[wa(x,y,t)/ [ L - L ]dzx'dy'].
Ry HUmy/|r — 2P+ (y+y)?  Amy/|z =22+ (y — y)?
3

a3 (o, t)da'dr

O
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Corollary 3.13 (Pressure Process on the Half-Space). Given Theorem (3.12) and the Stokes
equation (4), if p € ]Ri, we can erpress p as

9 .
Vp = (& — A)U, S Ri_

<p1,p2,p3> = (f17f27f3>7

where we have an explicit process to find the components p; where i = 1,2, 3.

Proof. Given the Stokes equation and v = v + ¥, (3.12):

ov
AT —
g = oV VP
0 .
Vp = (a - A)’U
O
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