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Abstract

The purpose of this paper is to investigate, via methods generally falling under “probabil-
ity on trees”, critical phenomena in stochastic cascade models of Yule type, and to apply these
methods to the problem of uniqueness and nonuniqueness of solutions to the linear pantograph
and non-linear a-Riccati mean flow equations. For linear equations, Feller’s classic discovery
of the relationship between critical stochastic explosion phenomena for Markov processes and
uniqueness and nonuniqueness of solutions to the associated Kolmogorov equation partly il-
lustrates the spirit of the present paper. The connection between shocks in Burgers equation
and statistical phenomena of spontaneous magnetization criticality discovered by C.M. New-
man (1986) provides an illustration of another type; see [6,9,21]. New methods are introduced
to mathematically explore the effects of stochastic critical phenomena, e.g., stochastic explo-
sion, hyperexplosion, t-leaf percolation, on the mean flow. In particular, stochastic (cascade)
recursions, stochastic Picard iterations and additive transforms are developed which, in certain
critical parameter regimes, are shown to lead to a ‘one-to-many principle’ for solutions to the
a-Riccati equation and a corresponding pantograph equation, related by linearization. The de-
velopment also includes an application of Feller’s classical theory of jump Markov processes
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to a certain class of pantograph equations that appears to be new.
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1 Introduction and Preliminaries

The seminal paper by Kato and McCleod [18] revealed the fascinating nature of regularity in the
form of well-posedness (uniqueness/non-uniqueness) phenomena for the classic one-dimensional
pantograph linear differential equation given, for parameter o > 0, real coefficients a, b, (a # 0)
and initial value u, by

u'(t) = bu(t) + au(at),t >0, u(0) = uy. (1.1)

Perhaps less surprising, yet striking, revelations were shown by Athreya in [2] to occur for the
a-Riccati* one-dimensional non-linear differential equation given, for parameter o > 0 and initial
value ug, by

u'(t) = —u(t) +u?(at), t >0, u(0) = up. (1.2)

The pantograph equation (1.1) enjoys a remarkablemnumber of diverse applications in statistical
physics, applied mathematics, analysis, number theory, graph theory and combinatorics, e.g., see
[23] and references therein. Similarly, the a-Riccati equation (1.2) appears as a model for data
compression in [1], cellular senescence in [3], and fluid flow in [8, 11,12, 14].

The interest in these equations by the present authors is mostly based on a mean-field heuristic
(see [14], p.55) in which the a-Riccati equation results from self-similar/rotational symmetry and
scaling considerations of the three-dimensional incompressible Navier-Stokes equations. The es-
sential idea is derived from the random cascade discovered by [19] for the mild form of the Fourier
transformed equations. Namely, in allowing for possible stochastic explosion by suppression of

“The term a-Riccati was introduced by the authors in deference to the standard Riccati equation (o = 1). The
corresponding stochastic model is sometimes also referred to as the Aldous-Shields model [3, 15], generalized Eden
growth [16], discounted branching random walk [2], or an inhomogenous Yule model as here. The differential equation
appears to have otherwise been nameless in the existing literature.



their coin-toss mechanism, the a-Riccati equation is obtained for their self-similar probability ker-
nel @,f € R3\{0}, by replacing the random multiplicative factors by the parameter «, and
replacing the bilinear vector product at branching by ordinary multiplication.

Likewise, the pantograph equation (1.1), with b < 0 can be viewed as a linear counterpart of
the a-Riccati equation. Indeed, via a change or variables, (1.1) can be written in the form

u'(s) = —u(t) + au(at),t >0, u(0) = u, (1.3)

which admits a stochastic structure similar to that of (1.2), except the product at branching is
replaced by a weighted sum. Alternatively, the linear nature of (1.3) allows a stochastic cascade
approach based on a unary tree structure, placing it within a more classical framework of jump
Markov processes and associated Kolmogorov backwards equations, as shown in Section 2.

In Section 4 we will investigate several critical phenomena related to the above-mentioned
stochastic structures viewed via a general framework of the Doubly Stochastic Yule (DSY) pro-
cesses introduced in [11, 12]. We particularly focus on the size of the t-/eaf sets and on existence
of so called hyper-exploding subtrees of DSY trees — properties that will be crucial in establishing
the richness of non-uniqueness of the solutions for both (1.3) and (1.2). In particular, the critical
nature of the case av = 2 is revealed within the explosion range « € (1, 00).

For the sake of clarity, unless otherwise stated, by solutions, we mean global solutions to the
initial value problems (1.2) or (1.3), i.e. solutions that exist for all ¢ > 0 and satisfy the initial
condition as t — 0. Note that such solutions are necessarily C*° on ¢ > 0 (in fact, if « € (0, 1],
the solutions are analytic).

In Section 5 we describe the key approach — the stochastic Picard iterations used to build so-
lution processes whose expectations solve the integral form of (1.3) and (1.2). This approach is
inspired by a martingale technique of [19] for uniqueness of solutions to the Navier-Stokes equa-
tions in appropriate functional setting, and was first introduced in [14] and subsequently exploited
in [10] to prove several existence and non-uniqueness results for Cauchy problems for pde’s related
to the 3d-incompressible Navier-Stokes equations.

Note that in the the case a = 2, (1.3) is a linearization of (1.2) around the steady state u = 1,
In Section 6 we will establish a connection between (1.2) and (1.3) with a = 2 at the level of
stochastic structures that allows not only to deduce the existence of non-unique solutions of (1.2)
for a range of initial data, but also to determine their long-time behavior.

Finally, in Section 6.1 we present several numerical simulations illustrating the results of Sec-
tion 6.

Equations (1.3) and (1.2) primarily serve as mathematical surrogates’ for aspects of the regu-
larity theory of differential equations amenable to probabilistic methods of analysis. In particular,
certain critical phenomena associated with the stochastic model are shown to have significant con-
sequences for the regularity of these equations.

While the focus of this paper is on the equations (1.3) and (1.2), the broader purpose is to
illustrate an emerging theory for classes of non-linear partial differential equations of the type
represented by the incompressible Navier-Stokes equations based on contemporary methods from

THere “surrogate model” is intended to be in the spirit of the idealized Ising model in statistical physics, logistic
model in population biology, discrete Gaussian free field in quantum field theory, etc.



“probability on trees”, e.g. see [20]. In particular, such notions of stochastic explosion, hyper-
explosion, t-leaf percolation criticalities, and methodologies of stochastic Picard iteration* from
ground states, stochastic transformations and a one-to-many solution principle are introduced and
applied to the pantograph and a-Riccati equations.

The main results begin with a new,* albeit constrained approach to (1.3) based on self-similarity
and Feller’s classical theory of Markov processes and semi-groups in the next section. This also
motivates a transition to a less constrained approach via probability on trees. From here the remain-
der of the paper is devoted to the development of special techniques to analyze the well-posedness
of these equations. In comparison with Kato-McLeod [18], we show existence of a family of so-
lutions to pantograph (for any given initial data) with o > 1, @ > —b > 0 that have an algebric as
t — 00, see Theorem 3.5.

2 Self-Similarity and Probability on Trees

The main idea behind stochastic representations of solutions of equations such as (1.3) and (1.2),
is that their mild-type formulation can be connected to the expected values of certain progressively
measurable stochastic processes — solution processes defined on a suitable probability space.

The ”self-similar” nature of both pantograph and a-Riccati equations is revealed by consider-
ation of the following evolution PDE:s:

ov

a(&t) =—lv(l,t)+alv(al,t), €>0,t>0, v(l0)=uvyl) (2.1)
and 5
a—j(e, 1) = —Lo(0,t) + L (al,t), €>0,t>0, v(L,0)=uvy(L). 2.2)

We refer to these equations as the space-time counterparts of (1.3) and (1.2), respectively. The
use of the parameter ¢ € (0, 0o) is intentional, as it is merely a mathematical label without special
physical significance otherwise. However, one can view (2.1) and (2.2) as a non-local differential
equation in Fourier space with ¢ = [¢|.

The system (2.1) has a natural symmetry: if v(t, ¢) is a solution, then v, (¢, ¢) = v({/\, At) is
also a solution. This permits one to consider solutions of the self-similar form v(¢,t) = u(lt),
where the product s = ¢t defines a similarity variable, and u solves (1.3) and (1.2), respectively.

It is often convenient to express the space-time equations (2.1) and (2.2) in an integral form as
follows:

t
v(l,t) = e g (l) + a/ te " v(al,t — s)ds, > 0,t>0. (2.3)
0

and
t
v(l,t) = e uy(0) +/ te " v*(al,t — s)ds, € >0,t>0. (2.4)
0

A familiar, though mostly unrelated, application of stochastic Picard iteration is in proofs of existence and unique-
ness of solutions to stochastic differential equations with Lipschitz coefficients.

§ As far as the authors can determine, this approach to well-posedness via self-similarity and Feller’s jump Markov
process theory appears to be new for the pantograph equations.



Note that self-similar forms of (2.3) and (2.4) are the corresponding mild-type formulations of
(1.3) and (1.2):

t
u(t) = e tug + a/ e ‘u(a(t —s))ds, €>0,t>0. (2.5)
0

and ,
u(t) = ety +/ 6_€5u2(a(t —s))ds, ¢>0,t>0, (2.6)
0

where u(s) = v(0,t)|p=1t=s = V({,t)]s=s =1, uo = vo(1), for a self-similar solution v to (1.3) and
(1.2), respectively.

2.1 A Probabilistic Framework for the Pantograph Equation

The self-similar embedding of the classic pantograph equation into a space-time pantorgraph equa-
tion yields a probabilistic framework in which one may view (2.1) as a Kolmogorov backward
equation for a jump Markov process. To keep the comparisons simple, let us assume a = 1, and
vo = 11n (2.3) and (2.5) for now. Then, in this case, the corresponding Markov process holds in
state £ > 0 for an exponential time of intensity A(¢) = /¢, 0 being absorbing, before transitioning
to state o/, i.e., with transition probability kernel k(¢ dls) = 644, (dl2). The constant solution
v(¢,t) = 1forall ¢,t > 0 is obviously a solution (for vy = 1), and is unique if and only if there is
no explosion. Now, the jump Markov process starting at £ > 0 is clearly explosive if and only if
a > 1 since the mean time between the n-th and (n 4+ 1)-st jumps is ;=7 1 for n > 0. In fact, in this

case for any initial state ¢ the explosion time random Varlable Sy = Z]oo 0 ZTJ] < oo a.s. (here {7}}

are iid exponential random variables with intensity 1, g L representing the time between jumps j
and 7 + 1). Accordingly, for & > 1 the minimal jump process may be continued beyond explosion
time by absorbing the process in an adjoined spatial point at infinity. From here it is standard
Markov process theory, e.g., see [4, 5], that this transformation does not alter the infinitesimal be-
havior of (2.1) with @ = 1. In particular, the equation is satisfied by the substochastic transition
probabilities p(1; ¢, d¢5) of the minimal process and, hence,

u(s) = v({,1) |e sl / v(ly,0)p(1;s,dly) = p(1;s,]0,00)) < 1
[0,00)

is a so-called minimal solution to (2.5) (and, consequently, for (1.3)) with a = 1, ug = 1, which in
the case o > 1 is distinct for the steady state v = 1. Note also that this minimal solution has an

explicit representation in terms the aforementioned explosion time Sp—y = Z;o 0 Sclw T}

u(s) =Py (Se > 1) =Y Y T 2.7)

The series expansion is the complementary cdf for an infinite sum of independent exponentially
distributed random variables with distinct intensities a’s, j = 0, 1, ... for o > 1; see ([17], p.40,
#12) for convolution formula for non-identical exponential distributions. Using this, (2.7) follows



from the following calculation of the distribution of the number N, 4(t) of clock rings by time ¢ with
initial state ¢ by settingt = 1, { = s:

P(Ng(t):@ - P(i%Tj>t> —P(i%]}>t>

=y — (2.8)

The formula (2.7) is equivalent to the series expansion obtained in the aforementioned paper [18]
by analytic methods in the cases that one may exchange the order of summation there.

Remark 2.1. In the non-explosive case @ < 1, it follows from uniqueness of solutions to the
backward equation that the sum over all n in (2.8) is identically one for all ¢ > 0. This is obvious in
the case o = 1 since the convolution of identical exponential distributions is a Gamma distribution
and the formula (2.8) is a Poisson distribution. However the sum over n is strictly less than one for
allt, ¢ > 0ifa > 1.

More generally, if the coefficient 0 < @ < 11n (1.3) and (2.3), then consider the jump Markov
process on the compactified half-line [0, co] with A({) = (,¢ < oo, A(00) = 0, k({y,dly) =
abgar}(dls) + (1 — a)dgecy(dls) on [0, 00) and k(oo, dly) = dyscy(dls), i.e., 0o is absorbing. By
the same arguments as above with initial data v(¢,0) = 1, ¢ € (0, 00), v(00, 0) = 0, one obtains the
pantograph equation for self-similar solutions v(¢,t) vanishing at / = co. (Note that the constant
u = 1 is no longer a solution to the pantograph equation for a # 1.) For a = 1 this coincides
with the previous treatment, however if 0 < a < 1 then almost surely there can only be finitely
many finite jumps before a transition to infinity occurs, regardless of the value of v > 0. That is,
stochastic explosion has probability zero and the unique solution to (1.3) with uy = 1 is given by

[e.o] n

u(s) = p(1;s,[0,00)) = Za” Z 6(1 7 (2.9)

Also, since A\(0) = 0 implies that 0 is an absorbing state, in the case that uy, = 0 the solution
so obtained is the identically zero solution.

The above assumptions on the coefficients a, b in (1.1) are clearly an obstruction to an analysis
of the full problem. However, in view of the Hille-Yosida theorem, some restriction is intrinsic to
Feller’s semigroup theory underlying the approach.

A closer look at the underlying stochastic structure, however, reveals a naturally occurring
rooted unary tree with label ¢ = s > 0, consisting of above-mentioned i.i.d. mean one exponen-
tially distributed random variables {7} scaled by ﬁ to have intensities a/¢. In particular, one
may take ¢ = 1 to obtain the self-similarity parameter is /¢ = t. See Figure 1 for a realization
of this unary tree. This provides a gateway to an approach in which the tree is used to define a
stochastic recursion underlying (1.3) with the constraint 0 < a < 1 removed. Namely, let us

6



Figure 1: Pantograph unary tree

define a (unary) stochastic solution solution process for (1.3) as a stochastic process X satisfying

the recursion
- if Ty >t
X(t)y=4" L= (2.10)
aX(a(t —Ty)) ifTy <t

By conditioning on Tj, it is simple to check that u(t) = E(jC(t)IL[g>t]) satisfies (2.5), and thus
provides a self-similar solution to (2.1), when the expectation exists. Here, as before, S =S, is
the explosion time (from the initial state / = 1):

N > T

S = —Z (2.11)

ol
=0

Iterating this recursion the non-explosion event [§ > t], one obtains

- e n e—ajtaj—n
u(t) =E(uga™ Vg ) =up»_a" > 0w 170 (2.12)
n=0  j=0 ’f;g}”

Where N(t) = Ny;— is the number of clock rings before time ¢ in the unary tree. Under the
assumption that v > max{|al, 1}, this double series can be rearranged into

ae —at

_uocaaZH ) (2.13)

where

_ZQ"H (1—a7)

In this formula, the standard convention that H =1 = 1, is used. The formula (2.13) is also ob-
tained in [18] by analytic methods. Note in particular that the complementary distribution function
G(t) = P(S > t) is given by

,n 00
at 1

C Z H ]_ — O_/J ch = Z am H;lzl(]- _ O./_j) (214)

n=0

7



Remark 2.2. For 0 < a < 1 the tree probability recursion may be modified as

U if Ty >t
X(t) =140 ifC=0,T, <t (2.15)
X(a(t—Ty)) ifC=1,T,<t,

where C' € {0, 1} is a Bernoulli fair coin tossing random variable independent of the holding time
T with P(C' = 1) = a. In this iteration a” explicitly represents the probability of n clock rings prior
to absorption at 0. In particular, note that the stochastic recursion does not require compactification
of the half-line.

2.2 Probabilistic Framework for a-Riccati Equations.

In the case of the a-Riccati equation in mild form (2.6), a stochastic solution process may be
similarly defined by a recursion on the binary tree by

u itTy >t
X =1 o o o (2.16)
X (Oé(t — Tg) X (Cz(t — Tg)) if Th < t,

where T} is the root clock distributed exponentially with intensity 1, and XV, X are (condition-
ally on T}) independent copies of X re-rooted at (1), (2), respectively.

One may note that the (binary) stochastic solution process for the pantograph equation (2.5)
may also be defined on a binary tree via

” if Ty >t
. 2.17
Q {gx<1>(a(t —Ty) + X (alt = Tp)) if Ty <t, s

where X", X are conditionally on T} independent copies of X re-rooted at (1), (2), respectively.

Let us introduce a bit of binary tree notation. Let T = {6} |J (U {1,2}") be a binary tree
rooted at . For a vertex v = (vy,...,v,) € T, let |[v] = n,v|j = (v1,...,v;),7 = 1,...,n,
v|0 = 0. Also, denote by ‘o = v|(|v| — 1) — the parent of a vertex v € T \ {6}.

The essential ingredients underlying the definition of the stochastic solution processes is a tree-
indexed family Y = {Y, := o "IT}, : v € T}, where T,,v € T are i.i.d. mean one exponentially
distributed random variables defined on a probability space (€2, %, P), and a multiplicative scaling
parameter o > (. See Figure 2 for a realization of this binary tree. We refer to Y as inhomogeneous
Yule random field based on its implicit role in the classic Yule counting process when v = 1. In
view of the representation of solutions as expected values of the solution process (2.16) and (2.17),
the equations (2.5) and (2.6) are, respectively, referred to as the mean flow equations. From a
perspective of self-similarity, in which ¢ is viewed as the self-similarity parameter, the rescaling
by « at each exponential clock ring correspond to spatial transitions of labels ¢/ — a in (2.3) and
(2.4).
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Tio|~ Ezp(a?) 21 29

Figure 2: Binary tree corresponding to the a-Riccati Equation

3 Non-uniqueness of Solutions to the Pantograph Equation via
Unary Solution Processes

We start with the following result about existence and uniqueness of solutions for (1.3) that follow
directly from discussions in Section 2.1.

Proposition 3.1. When o > max{1, |a|}, for any initial data vy € R the minimal solution u(t) to
(1.3) defined by (2.12) satisfies
t
lim M = UCqn- 3.1
n—oo €
Moreover, if —1 < a < 1, then for any initial data u, the initial value problem for pantograph

equation (1.3) has:
(i) a unique globally bounded solution if a = 1 and o € (0, 1] or if |a| € (0,1) and o > 0.
(ii) infinitely many globally bounded solutions when o > 1, a = 1.

Proof. In case o > 1, the minimal solution is given by (2.13), which yields (3.1).

Note that in the case |a| < 1, the minimal solution (2.12) is globally bounded.

In the case a = 1, (1.3) coincides with (2.7), as we noted earlier, u(t) — 0 as t — oo
is a distinct solution corresponding to uy = 1, in addition to the steady state 1. By linearity,
this already implies non-uniqueness of bounded solutions for any uy # 0. In the case uy = 0,
consider w(t) = 1 — u(t) (u(t) is still given by (2.7)). Note that w is a bounded solution to (1.3)
corresponding to uy = 0, distinct from the steady state 0. Thus, for any A € R, Aw(t) is also a
bounded solution corresponding to uy = 0. This result transfers to arbitrary u via linearity.

To prove uniqueness in the non-explosive case (0 < a < 1), let v(t) be a solution to (1.3),
v(0) = ug, |v(t)| < M forallt > 0. Let Xo(t) = v(t). For all n € N consider the iterative scheme

5Cn(t) =v(a"(t —Op_1(t))) a"ljg,<q + uoaN(t)]l[@nflzt],



where ©,, = >0 T}/ a?. Note that lim,,_,. ©,,

Sas. Ifa<1,S = ccas., so 5Cn(t) —
N(t) >

upa™ " a.s.. Likewise, if a < 1, on the event [5 ] 5Cn( ) — X(t) = uea™®. Clearly,

for each n,~]E(|5Cn(t)|) < M + ug. In addition, X(t) = uea¥® satisfies (2.10), and therefore
u(t) = E(X(¢)) is a well-defined solution of (1.3), and by the dominated convergence theorem,

v, (t) = E(X,(t)) — u(t) as n — oo. Moreover, note that for all every n > 1,

(3.2)

i‘ Uo lfTO Z t
aXn_1(a(t —Ty)) if Ty < t,

and therefore v,,(t) = E(X,(t)) satisfies

V(1) = uge™" + /0 e v, 1 (a(t — s))ds

Note that since v(t) solves (1.3), and vy = v,

v1(t) = uge " + /0 e v(a(t —s))ds =v(t).

Then, by induction, v, (t) = v(t) for all n. Hence v(t) = u(t), and we have uniqueness in the class
of bounded solutions.
O

Remark 3.2. In fact, in the case a = 1, a > 1 Feller’s theory allows for a rich variety of non-
unique solutions for the same initial data simply by instantaneously reinitiating the underlying
Markov process at the successive times of explosion at a designated state ¢ € R.

Remark 3.3. In fact, as shown in [18], globally bounded solutions exist for all « > 0, o, up € R.
We can "bootstrap” the previous result by integrating/differentiating (1.3).

Proposition 3.4. A solution u(t) to (1.3), with ug = 0, is infinitely differentiable, and for each
integer n,

u(t), if n=0;
wy(t) = j;u(t), if n>0;
fo ~ t‘ "t u(s)dsdtyy 1 - - dty,  if n <0,
satisfy
%wn(t) = —w,(t) + aa"w"(at), u™(0)=0. (3.3)

Moreover, for a > 0 and o = an > 1 for some integer n < —1, (1.3) has infinitely many
solutions.

Proof. The smoothness of u(t) follows e.g. from the integral representations (1.3). For n > 1,
iterated differentiation yields (3.3), and for n < —1, iterated integration yields the same. By
Proposition 3.1, in the case o > 1, a = 1, there exist infinitely many solutions of (1.3). In the case
a=an> 1, (3.3) transfers this non-uniques result to (6.1). ]

10



Thus, our next goal is to construct a solution process X, (t) > 0 of (2.10) that is not identically
zero. The relatively slow decay at infinity of E(X, (%)) is exploited in an essential way to prove the
non-uniqueness result for (1.3) in Section 6.2.

Theorem 3.5. Let « > max{|a|,1}, a # 0 and

In |a|
= =1 = 1). 4
Y ’Y(CL, Oé) 08|q & In o S (07 ) (3.4)
Let B B B
X.(t) = Xo(tya,0) = (= §) gy, 3.5)

where S is the unary explosion time given by (2.11). Then
(i) 5C* a.s. satisfies (2.10) with ug = 0.
(ii) n(t) = E(X.(t)) satisfies (1.3) with uy = 0.

O
(iii) tli)rgo% = 1.

Proof. Let SO =% T and XM(7) = (r — 5(1))1[5*(1)«]- Note that S and SO as well as X

j=1 ai—1

and X\ are identically distributed. We have

- . 1-.\"
Xe(®) = (= 5) gy = (t —To - 55(1)) Liryq 150
1 ~ - -
= — (alt=T0) = 8V) Loy = XD (alt = T))

a7

Note that if 7 > ¢, the calculations above yield 56*(15) = 0. Thus, X, (t) in distribution satisfies
(2.10) with ug = 0 and a = 2. 3
Using (2.14) one obtains that the pdf of the unary explosion time .S is given by

o) = -G = Co Y s

since differentiation can easily be justified. As a consequence, g(t)~C,e " ast — oo, g(t) <
Ce "Vt > 0, and thus 7(t) is well defined. The fact that (t) satisfies (2.5) with uy = 0, follows
from (2.10). More directly, note

- 1 - -7

| |

= 2 /Ot e *nla(t — s))ds,

11



so n satisfies (1.3).
To establish (iii), let ¢(t) = t~71;~¢ and extend g by 0 on the interval (—oo,0). Then

o) = [ e=sglsds = [ ot = s)g(s)as

and

we) _ [T et-s) o
- [ B s =Bz

where Z(t) = M{;Tft)g)]l[gd]. Note that due to explosion, S < oo a.s. and so lim;_,, Z(t) = 1 a.s.

We will use uniform integrability to prove that E(Z(t)) — E(1) = 1 by showing that there exists
p € (1,00) and C' > 0 such that

E(Z(t)P) <C Vt>1.
Fix p € (1, =). It suffices to show that lim sup,_, . E(Z(¢)?) < oco. We have

sz - BP0 ) - [ g

tg—p t =P
= / i g(t —s)ds < C’/ S e~(t=9gs
o TP t—p

0
t
fo s Pesds

t—Pet
By L’Hospital’s Rule,
t
s Peds = Pet
limsupE[Z(¢)"] < Clim fﬂ— — C'lim €
t—o0 t—o0 t—ret t—oo 7Pt — 7pt—7p—1et

The proof is complete.
]

Remark 3.6. An alternative proof of (ii) in Theorem 3.5 can be obtained using Karamata Tauberian
theorems since the Laplace transform of 7 can explicitly be computed. However, the argument
using uniform integrability presented in the above proof is more direct.

Remark 3.7. Fix a > 0 and let & > max{a, 1}. Consider the solution process X, (t) = X, (t; a, a)

from Theorem 3.5 and v = ~(a,«) as in (3.4). Then, for any 0 € (0,1/7), we have ¢’ < «,
v(a’, ) = 67, and X, (t; a, )° = X,(t; a’, ), and thus
ns(t) = E(X.(t,7)°)
satisfies (1.3) with 4y = 0 and a replaced by a’:
s = —ns + a’ns(at),  n5(0) = 0.
and 0
ns\t)
t—oo =0 =L (36)
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Remark 3.8. Combining Proposition 3.1 and Theorem 3.5, we can conclude that when o >
max{|a|, 1}, the initial value problem for (1.3) has infinitely many solutions that are globally
decaying in time.

4 «-Riccati and Related Critical Phenomena

We start by defining several key notions describing the time evolution of the binary tree structure
corresponding to the inhomogeneous Yule random field Y underlying the a-Riccati equation.
Note that the recursions (2.16) and (2.17) end at a vertex v € T if and only if

v[-1 |v]

D Yay <t<) Yy
j=0 J=0

Recall, Y,; = a™d T’|j, and thus can be viewed as branching clocks for the random field Y.

As in the case of the unary tree, let N(t) = |X; (t)| (see (4.2) below) be the number of clock
rings in the binary tree by time ¢. It was observed in passing in [1] and proven in [8] that for
a = 1/2, the distribution of N (¢) — 1 is Poisson distributed. It follows that X (¢) defined by (2.16)
has a log-Poisson distribution. It is also to be noted that at least four interesting critical parameter
ranges, a < l,a=1,1<a < \/§, a > /2, were identified in [1] for distinct qualitative changes
in behavior of the a-Riccati model. In fact the a-Riccati model has been shown to be a rich source
of critical phenomena on both large (averaged) and small (stochastic) scales. In particular, specific
critical regimes in the stochastic solution process that affect the averaging for solutions as expected
values are the subject of this section.

With the convention that Z;:IO = 0, we define the continuous parameter Markov process of
sets of “t-leaves” by

|v|—1 Gl
OV(t)=QveT: ) Yy <t<) Yiyr, 4.1)
j=0 §=0
the corresponding set of ancestors by
. |ul
V) =SueT: ) Yy<ty, (4.2)
=0
and .
V(t) =V (t) UoV(t). 4.3)
Up to an explosion time S defined by
= inf > Vi, (4.4)
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V (t) takes values in a denumerable and partially ordered evolutionary space & of nonempty, finite,
connected, rooted at & subtrees! of vertices of the binary tree T. Specifically, & may be viewed
inductively as consisting of finite trees A C T such that A = {f}, or there is a B € & such that
A = B U {vl,v2} for some v € B, with offspring v1,v2 ¢ B. Upon explosion the subtrees are
no longer finite nor binary, however with an extension to a space, say &, that permits infinite trees,
the evolution of V(#) naturally continues in &'.

If one regards
[l

0,=) Y, veT, ©O4=0, (4.5)

Jj=0

as a replacement time of the vertex v, then v eV (t) iff v dies prior to time ¢, and v € OV (t) iff v
lives beyond time ¢, but its parent % dies prior to t. Upon replacement, a vertex v € T branches
into two offspring v1, v2, respectively. So 0, is also referred to as the branching time of v. One
may say that “v € 9V (t) crosses ¢, while its parent " does not cross ¢”.

One may also note that prior to explosion of V' (t) in the evolutionary space & at a possibly
finite time S < oo, AV/(t) is a finite set which evolves infinitesimly in time ¢ to ¢ 4 dt¢ by removal
of a t-leaf v € OV (t) and replacement by its offspring v1, v2. On the other hand, after explosion
the ¢-leaf process OV (t) continues to evolve in a canopy space € of nonempty cutsets of (possibly
infinite) subtrees induced by {Y,, : v € T} rooted at 6. In particular, at any time after explosion
of Y, the t-leaf set OV (t) remains well-defined, but may evolve to the empty set at possibly finite
time

L = sup Z Yo, (4.6)

an event referred to as hyperexplosion. In terms of the total time accumulated on a ray s € 0T,
O, = Y2, Yi;, one may also write

S=inf ©,, L= sup©O,. 4.7

s€oT s€dT

The notations S and L for explosion and hyperexplosion times, respectively, are used to convey
‘shortest’ and ‘longest’ tree path lengths as measured by Z;io Yy ;,s € OT.

Remark 4.1. The event [|0V (¢, t)| = oo| cannot be ruled out apriori since there are explosive trees
for which this is possible (see Proposition 4.3 below).

In view of the binary tree structure, one has

VOl =2v @Ol +1, V)=V (O] +1 t=>0, (4.8)
where, according to (4.1), the singleton root {#} counts as a t-leaf with no ancestors if Ty > t.

Theorem 4.2 (see [2, 14]). The a-Riccati model is non-explosive for o < 1 and hyperexplosive for
a> 1.

1A tree rooted at 6 is a graph without loops and designated vertex 6 as root. We identify such trees with their sets
of vertices.
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The following correction' to Proposition 2.1 in [14] reveals a new critical phenomena of t-leaf
percolation in addition to another solution to a-Riccati equations; namely the positive probability
of infinitely many ¢-leaves iff « € (1, 2).

Proposition 4.3 (¢-Leaf Percolation, [13, 14]). (i) For a € [0,1] U [2,00) one has P(|0V ()| <
o0) = 1forallt > 0. (ii) For 1 < a < 2, one has P(|0V (t)| = c0) > 0 forall t > 0.

More is actually true with regard to the distributions of the explosion time S and hyperexplosion
time L for a-Riccati that improves on [2] as follows.

Proposition4.4. For0 < a < 1,5 =L =occas.. Fora > 1,P(L > t) <P(S > t) = O(e =)
ast — oo. In particular, E(S) < E(L) < oc.

Proof. The case 0 < a < 1 follows from well-known properties of the standard Yule model.

Assume o > 1. Let M; = a‘jmax{Tl(j),...,T;])} where T() i=1,...,2,5=1,2,...,are

1.i.d. mean one exponentially distributed random variables. Then,

n dzst dist

L,=max Y aT,; < 2: L=limL, <§:M
[v]=n 0 g
Also,
=P(M; >6;) = 1-P(M; <9)
= 1—(1—e %)
S ej ln2—5jaj . (49)
Fix ¢ > 0. Note that 3 7= ; < e" for J; selected such that

) ;
— 8.0l —
jln2—0;c < t

T o+ 1) co=m"/6>1,

1.e., for a choice of

t+jn2+2In(j+1)+1Inc
ad ’

5; > 6;(t) = i=0,1,....

Moreover,

> > jin2+2In(j+1)+1In¢
S = ai z Ut _ 4o,
=0 =0

J=0

o o) — o oo jIn242In(j4+1 +1nc0
where c; = Zga™ = S and ey = ) 7 O((J )

Now, note that L > ¢t + ¢, implies that for some n, M,, > (5n(t), and thus

B(L> et o) < 3 B(M, > 6,(1)) =

IThis correction is proven in the errata [13].
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Setting t' = ¢t + co,i.e.,t = (' — ¢3)/cy, one has

_t=co

P(L>t)<e a, Vt>0,

and the remaining statements of the proposition easily follow. [

Theorem 4.5. A precise exponential rate of convergence holds for o > 1:
P(L>t)~etast — oo, (4.10)

which is the same decay rate as P(S > t). Moreover, if u(t) is a solution to a-Riccati such that
u(t) — 1 ast — oo, then only one of the following is possible:

(a) |u(t)—1| Z t77, where v = log, 2.
(b) |u(t) —1| ~e™, or
(c) u(t)=1forallallt> 0.

In the above, f(t) 2 g(t) means that there exist ¢, T > 0 such that g(t) > co f (t) forallt > T and
f~gmeans f 2 gand g 2 f.

Remark 4.6. The case (a) is illustrated by a special solution of [2]. Case (b) is illustrated by
u(t) = P(L > t), and case (c) by u(t) = 1.

The proof of Theorem 4.5 rests on the following lemma which couples the initial data 0 and
1 through the inclusion-exclusion principle. Namely, by inclusion-exclusion, w(t) = P(L < t)
solves (4.11) below with w(0) = 1.

Lemma 4.7. Assume « > 1 in the a-Riccati model. Suppose that w(t), t > 0 solves
w'(t) = —w(t) + 2w(at) — w?(at), t>0, 4.11)
and assume that |w(t)| = O(e™ ") as t — oo for some v > 0.
(i) If0 <~y <1lthenw(t)=0(e") ast — .
(ii) Ify > 1then w(t) = 0.

Proof. Part (i) is proven by a bootstrap method, starting from w(t) = O(e~") by hypothesis, with
v € (0,1). Then, |2w(t) — w?(t)| < ce™ " for large enough ¢ = c¢,. Using (4.11), one has

—w(t) —ce " <w'(t) < —w(t) + ce ",

t
et / e‘ce“"ds
to

_ ¢ —t ((1—ya)t _ _(1—va)tg
1_ a’ye (e € )

Integrating on |[to, t| one has

[w(t) — w(to)e™ )]

IN
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so thatas ¢ — oo
O(e™) ifay>1
w(t)] = oty
O(em™)  ifay < 1.

In the case ary > 1, the process stops and (i) is established, while in the case ay < 1, the bootstrap
process is repeated with «y replaced by ay(> <). Note that each time the bootstrap process is
applied, another factor of «v appears in the exponent. Thus, after k steps with oy < 1,

w(t) = O™,

n(t
Now, for k > 1111((_;)) the process stops and w(t) < O(e™*) is achieved.

To prove part (ii), assume that |w(t)| = O(e~7"), with v > 1. By the same argument as above,
for ¢ > 0 big enough and ¢ > ¢y, > 0,

lw(t) — w(te)e™ )] < . —chet (e(l’m)t - 6(1’70‘)“’) (4.12)
Note that if w(ty) # 0, then |w(t) — w(ty)e= )| > O(e™), while e~ (¢! — ¢(I=19)t0) =
O(e ") = o(e™"), contradicting (4.12). This contradiction implies that w(ty) = 0 for all ¢, > 0,
ie. w(t)=0. O

Proof of Theorem 4.5. Let w(t) = 1 — u(t), then w satisfies (4.11). Assume w(t) = o(t~7), Note
that (4.11) implies that
w'(t) = —w(t) + (2 — w(at))w(at),

and thus .

w(t) = w(te) e + / (2 = w(as)) e uw(as) ds. (4.13)
to

As in the proof of Theorem 9(ii) in [18], it then follows that |w(t)| = O(e~) for some € > 0. For
completeness, we will present this argument below.
For 7 > 0 consider
m(7) = sup t7|w(t)|.
t>T1
Note that m(7) is a bounded decreasing to zero function. Moreover, from (4.13)
t
lw(t)] <ty e Im(ty) + m(aty)e™ /(2 + |w(as)]) e*(as)Vds.

to

Let b € (0,1) be such that v = b — a'/? > 0. Fix a 7o > 1 big enough that |w(t)| < ¢t~ and

t7e~t < e~ forall t > 7. Then, for ¢t > t, > 7, we have

t
()| =ty e "o 4 m(aty) Ve / e® (2+ (as)™7)(as)Vds.

to
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Using the estimate flt thesds < (1 + %) e't® (valid for any k € R and big enough ¢;, > 0), we
conclude

tw(t)] =ty e "0 £ m(aty) (204_7 (1 + %) +a™ <1 + %) t_7>

__ C
S tO ’Ye bt+to + m(ato) (1 + t_‘s) .

where 6 = min{1,~}, and C' > ¢, big enough, independent of ¢. In the above, we used the fact
that 2o~ = 1. Consider 7 = o'/t and take sup;, in the right-hand side of the inequality above.
We obtain:

1/ C C
m(r) < t57e T o (0 /2r) (1 - —5) =e 7 + (1 + —6> m(a*/?7). (4.14)
T T

We can iterate (4.14), by applying it to m(a'/?7) in the right-hand-side (with 7 replaced with
a'/27), obtaining:

—€T C —vall?r C 2/2
—vT C —val/2r C C 2/2

C C —vT —vall?r 2/2
(1+§) (1+—a5/275) (e +e +m(a¥7))

< (1+53m) 5 (6_” ety m(a2/27)> .

IN

Iterating this process n times, we estimate:

Now take n — oo, using that m(t) — 0 as t — oo to obtain

5/2 ¢ >

m(r) < ea?/P17 Z evall?T

J=0

and consequently, m(7) = O(e""). Thus, w(t) = o(e) with ¢ = v/2. Then, the conclusions of
Theorem 4.5 follow from Lemma 4.7. [

The fine scale structure of the a-Riccati model can be further delineated in showing that every
explosive by time ¢ > 0 tree has a hyperexplosive subtree.
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Proposition 4.8. Suppose o > 1. Then, writing v € s to mean v = s|m for some m > 0, let

oo
_ dist _
L,= sup g a Ty = « |”|L9, veT.
s€dT,ves
J=lv|

Then,
P(Uper[L, <t —0,]| S<t) = 1.

Proof. Recall the notation for the branching time of v € T defined by (4.5), i.e.,

oo ]
0, =Y a Ty, s €T, O, => a’T,; veT (4.15)
j=0

J=0

Fix t > 0. Let H; = Uyer|[L, < t — 0,] € F denote the event that there is a hyper-explosive
subtree by time ¢. Observe that one may bound the conditional probability that there is no hyper-
explosion at v given the event [t — ©, < 1] as follows:

1 1 1
P(L, >t—6,|t—0,>~) < P(L,>—|t—0,>)
n n n

[v] |v]

«
< —
) < coxp(—

1
= P(L,>-)=P(Ly >

n

), (4.16)

since by Theorem 4.5, P(Ly > r) < ce™",r > 0, for some constant ¢ > 0. Now, choose K,, > n,
such that

m

cexp(—a—) <3 Vm>K,.
n

This is possible since for every n > 1, 3™ exp(—%~) = o(1) as m — oco. Thus, by (4.16) we have

1
P([L, >t—0,]N[t—60,>=]) <37l forallv € T with |v| = K,.
n

Observe that for any N > 1,

1
[Sgt] - UnzN U|v|=Kn,v€’E (UseﬁT,UES [@s <t-— E]) . (417)

To see measurability of Uscar ves[Os < t — %] observe that for a fixedv € T

1 1
Useor,ves[Os < 1 — ﬁ} = > jo YueTweu ful=m [Ou < T — ﬁ]'

Thus, for arbitrary n > 1, since Hf = M2 Njy=j [Ly >t — O,] C Ny=k, [Ly >t — O,], and
since forv € s € T, [t — ©, > 1/n] C [t — ©, > 1/n], one has

HE NS0 € Uiz Upier, (Lo > £ = 0,0 [t~ 0,2 7))

19



Therefore, using K,, > n, foralln > N

pHens<) < 3% P([Lv>t—@v]ﬂ[t—@v2%])

n>N |v|=Ky,
- - 3 3
n>N |v|=K, n>N n>N
Thus, letting N — oo,
P(H; N [S<t]) =0.
Since 0 < P(S<t) < 1, the assertion follows. O

In the next section, we will use Proposition 4.8 in the context of the stochastic Picard ground
state iteration method, described in Section 5, (see Proposition 5.4 and Lemma 5.6).

5 The Solution Process, Mean Flow Equation, and Stochastic
Picard Ground State Iterations

The purpose of the present section is to briefly review the stochastic Picard ground state method
in the context of well-posedness problems for (2.6). The methods of [2] provide a useful view of
the solution process X from the perspective of extreme value theory [2, 14,22]. Specifically, the
stochastic recursion expresses the length of the longest ray-indexed sum as the (independent) sum
of Yy plus the maximum of the longest paths of the two subtrees emerging from vertices 1 and 2;
the mean of which is (1.2). Such recursive structure inspired the stochastic Picard ground state
method for constructing solution processes in [7] by the iterative methods described below.

In [14], the following idea, inspired by the proof of the uniqueness results for the Navier-
Stokes equations in [19], provides an iterative approach for proving non-uniqueness of mean flow
equations in the context of stochastic explosion. This method will be referred to as the stochas-
tic Picard ground state iterations, or simply stochastic Picard iterations. This method is suitable
for non-linear systems, such a (2.6), in contrast to a more typical probabilistic approach to linear
parabolic equations, and homogeneous Markov processes in general, where explosion of the as-
sociated Markov process can be exploited for non-uniqueness by re-initiating the process at the
time of explosion S to construct distinct distributions with the same local behavior. As shown
below, for the explosive linear pantograph equation (2.5) (aw > 1), the minimal solution of (1.3)
in the context of stochastic Picard iterations approach coincides with that obtained from the stan-
dard (Feller) Markov process theory minimal solution. While the latter is not applicable to the
non-linear a-Riccati equation, the former does yield solutions.

In the present context of (2.6), the stochastic Picard iterations proceed by considering an arbi-
trary initial “ground state” process X () to be determined. Define X, (¢) sample pointwise by

Ug if Ty >t

Xu(t) = { X (alt =) X2, (alt — Tp))  otherwise, -
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Where Xfll_)l and Xff_)l are conditionally on 7j independent copies of X,,_;, and, as in (2.16), T
the root clock distributed exponentially with intensity 1. Thus, X,,(¢) is a finite product where each
t-leaf v, with |v| < n, contributes uy and each v, with |v| = n (the truncated branch), contributes
Xo(al’l(t—0,)). Note that, since X¢(t) is a stochastic process, by induction, for any n € N, X, (t)
is a well-defined progressively measured stochastic process. Moreover, if u(®) () = E(X,(t)) is
well-defined, then the sequence u(™ = E(X,,),n > 0 is well-defined and formally satisfies Picard-
type iterations of (2.6):

¢
u™M(t) = uoe_t—i-/ e *[u™V(a(t — 5)))%ds (5.2)
0

We have the following result about the convergence of the stochastic iterations to a solutions pro-
cess.

Theorem 5.1. Let X,,(t) be the sequence of stochastic Picard iterations satisfying (5.1). Suppose
that for all t > 0, X,,(t) is convergent a.s. as n — oo. Then there exists a stochastic process X (t)
such that X,,(t,w) — X (t,w) a.e. on [0,00) x Q with respect to the product measure 1]y ) @ P
as n — 0o, where i ) is a Borel measure on [0, 00). Moreover, for all t > 0, X (t) is a solution
process for the a-Riccati equation, satisfying (2.16) a.s.

Proof. We model the probability space by @ = (w,)wer € Q = [0,00)T, with (Q, B, P) being
a product probability space of countably many intensity one probability measures exponential
measures defined on % ) — the Borel o-algebras of [0,00): dP = [], . dP,, with dP,(w,) =
e~“?dw,. Thus, in this setting, the exponential clocks are T, () = w,.

LetT)y ={veT\{0}: v]l=1}and Ty = {v € T\ {0} : v|l = 2} be the "left” and right
subtrees of T. Write @) = (w,)ver, € 1 = [0,00)™ and @? = (w,)yer, € 2 = [0,00)T2.
Thus, we can view (£2,P) as a product space: @ = (wp,w),w?) € Q = [0,00) x Q1 x
and dP(@) = dPy(wy) ® dPM (@) @ dP?(@®?) with dPy(wg) = e “?dws, and dPV) (@) =
[T,er, € “vdw,, j = 1,2. Note that (2, P), (¢, PU)), j = 1,2 are identically distributed probabil-
ity spaces.

Let & = {(t,w) € [0,00) x Q : X,(t,w) is convergent in R}. Since X, is measurable in ¢ and
w, & is measurable with respect to the o-algebra %y o) ® %q. Note that since for any ¢t > 0 X, (¢)
is convergent a.s., P(&}) = 1, where &; = {w € Q| (t,w) € &}. Thus, by the Fubini’s Theorem,

veT

oo S P69 = [ P@\S)dt =0

Define
lim X,(t,w), (t,0) € A
X(t,w) = ¢ nee

0, otherwise.

Clearly, X (¢) is a well-defined progressively measured stochastic process and X,, — X a.e. in
(t,@).

To show X (¢) is a solution process, fix a t > 0. Suppose Ty = wy < t. In this setting, in (5.1)
and (2.16), X\ (a(t = Ty)) = X,_1(u(t — wp),wW), and XU (au(t — Tp)) = X (a(t — wy),mD),
j =1,2. Note that foralln € Nand j = 1,2 X,Sj)ll[w9<ﬂ is measurable in (¢,w). For j = 1,2, let

EN(wp) = {@V € Q; : wy < t, and X, (a(t — wy), @) = X(a(t — wp), @) asn — 0o} .
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Since X, — X a.s.,
P(j)(é(’t(j)(w@)) - / ]15(”(%)@(]')) d]p(j)(w(j)) =1, 7=1,2, wy<t.
2

Let
& = {w: (wp, @D, @@+ wp > torwy < tandw? € &V (wy), j = 1,2]} .

Note that we have
& ={w : Ty@) >t}
U{@ : Tp@) < tand X, (a(t — Ty(@)),a¥) = X(a(t — Ty(@)),mY), j =1,2}.

Since X, (-, -), Tp(+) as well as the the mappings (¢,w) — (a(t — wp),w™), j = 1,2, are measur-
able, we conclude that &; is measurable. Thus, by Fubini’s Theorem

t
P(éat) =t +/ e e /Q ﬂgt(l)(we)(w(l)) dP(l)(w(l)) /Q ]léz,t@(wg)(w@)) dP(Q) (5(2)) dwg
0 1 2
t

=e t+/ e “1-1dwg=1.
0
The proof is finished once we observe that for any w € &,, (2.16) follows from (5.1) by taking

n — 00. L]

By a straightforward adaptation of the proof above, we can prove analogous convergence re-
sults for the stochastic Picard iterations corresponding to the pantograph equation (1.3) in both
binary tree representation (2.17) and the unary tree representation (2.10).

Corollary 5.2. Let X,,(t) be the sequence of binary cascade stochastic Picard iterations for (1.3)

T et (at = Ty) + 2 X (alt = Ty)) i Ty <t

n—

(5.3)

and §Cn(t) is the sequence of unary cascade stochastic Picard iterations for (1.3):

S ] o if Tp >t,
%0 = { 050 a1y ¥ Tt G4

Suppose that for all t > 0, X,,(t) is convergent a.s. as n — oo. Then there exists a stochastic
process X(t) such that X,,(t,w) — X(t,w) as n — oo a.e. on [0,00) x Q with respect to the
product measure jio o) @ P, where jijo o) is a Borel measure on [0, 00). Moreover, for all t > 0,
X(t) is a binary solution process for the pantograph equation, satisfying (2.17) a.s.

Similarly, if for all t > 0, in(t) Is convergent a.s. as n. — oo,then there exists a stochastic
process X(t) such that X,,(t,w) — X(t,w) as n — oo a.e. on [0,00) X ) with respect to the
product measure [ijg ooy @ P, where [ij o) is a Borel measure on [0, 00). Moreover, for all t > 0,

X(t) is a unary solution process for the pantograph equation, satisfying (2.10) a.s.
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If the explosion time S > ¢, then X,,(¢) is an eventual constant sequence, equal to X (¢) satis-
fying (2.16) for big enough n. In the explosive case, i.e. when a@ > 1, P(S < o0) = 1, different
choices of the ground state X, led to super-martingales yielding in the limit to multiple solutions
for the same initial states ug, [ 14]. Notably, for the initial condition u = 0, the choice of a random
initial iteration,

0, Ty > t,

Xo(t) - { G(t — Tg), Ty < t,

where G is a continuous function, leads to a uniformly integrable super-martingale { X, }, provided

u(®) = E(X)) satisfies [u® (at)]? < G(t). If one chooses G(t) € [0,1] (e.g. G(t) =0 or G = 1),

one obtains a uniformly integrable super-martingale, yielding in the limit of expectations solutions
for the a-Riccati equation (1.2). One remarkable choice of GG used in [14] is

(5.5)

B In2

Ga(t) = e V7 (1 +~t~0FD -
Alt)=e" (147 ) Y o’

which yields a solution obtained earlier by Athreya [2] using an extreme value method. Notably,
this special choice of ground state (G4 is implicitly connected to the Frechet extreme value distri-
bution with parameter ~.

The minimal solution process X (t) extends X (t) past explosion time by setting it equal to 0.
Alternatively, X is the limit, as n — oo of the iterative process X,,, described above, corresponding
to the ground state X, = 0. It is easy to verify that the minimal process satisfies (5.1) for all ¢ > 0.

In the non-explosive case, we have the following existence and uniqueness results connected
to stochastic Picard iterations, [9, 14].

Proposition 5.3. Let o € (0, 1]. Then, for any choice of ground state, X,
X, (t) = X(t) =u)"  forallt >0,
where Ny = |0V (t)| < oo a.s.. Moreover:
1. Ifa € (0,1), then u(t) = E(X(t)) < oo forall ug,t > 0 and, as t — oo

u(t) N {07 ifuo € [07 1)7

00, ifug > 1.

(u(t) = 1ifug = 1).

2. If a = 1, then u(t) = E(X(t)) < oo solves the logistic equation v' = —u + u? with
corresponding asymptotic behavior in t.

In the explosive case, the following non-uniqueness results involving the use of constant ground
states goes back to [14].

Proposition 5.4. Let o > 1. Consider the stochastic Picard ground state iterations X, (t) for (2.6)
with constant ground states Xo(t) = 6 > 0. As before, denote N, = |0V (t)| Then,

(1) Ifug € [0, 1] then
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(i) Ford € (0,1),

} t
X, s X = ON zf S <
uy ', if S >t.
In particular, the minimal solution u(t) = u(t) = E(X) is well-defined and u(t) — 0
ast — oo.
(ii) Ford =1,
— 1 fL <t
X, 5x=4, Tb=
uy', ifL>t.

In particular, u(t) = u(t) = E(X) is well-defined and u(t) — 1 as t — oo
(iii) For 6 > 1, the limit

Xoolt) = lim Xu(t) = %2 ¥t
o W, ifS >t

In particular, E(X(t)) = oo forallt > 0
(2) Suppose that ug > 1.

(i) Ford €[0,1),

X, +X = O,N sz<t
uyt, IfS >t

< 00, ifup < (2a —1)/4,
u(t) =E(X(t)) ¢ = oo, in finite time if ug > 2« — 1,

unknown in other cases.

If there is a locally integrable function g such that X,, < g for all n, then u(t) =
EX(t) < oo.

(ii) Ford =1,

N

— {oo on [N; = ]
uyt  on [Ny < o0].

In particular, if « € (1,2), then E(X(t)) = oo, and if a > 2 then X(t) € R is
well-defined for all t > 0, while

< 00, ifug < 2a—1)/4 — (6a* — 15a +4) /4(a — 1) (2 — 1),
u(t) = E(X(t) { = oo, in finite time if ug > 2cc — 1 or a € (0, 2),
unknown in other cases.

24



(iii) Ford > 1,

Xy = Xoe =40 o<t
uyt, Iif S >t.

u(t) = E(Xw(t)) = oo forallt > 0.

Proof. In all cases, the particular form of limits of X, follow from the explicit representation (5.6)
and Lemma 5.6 below. The statements about the expectations are proven in [14], with additional
input from Proposition 4.3 in the case o € (1,2). Namely, the cases in part (1) follow from
[14, Section 4, Proposition 4.1 and Theorem 4.1]. The case 2(i) is proven in [ 14, Theorems 3.3 and
5.1]. The part (2)(ii) is proven in [14, Theorems 4.2 and 5.1] (noting that w(¢) > w(t)); moreover,
Proposition 4.3 is used to conclude infiniteness of the expectation in the case o € (1,2). Finally,
the case (2)(iii) follows from the fact that P(S < t) > 0. L]

In preparation for Lemma 5.6, it is convenient to introduce an alternative representation of OT.
Identify OT = {1,2}° with points in the unit interval under dyadic expansion. In particular, the

ray s = (s1,8,...) € OT defines z, = 377 (s; — 1)277 € [0, 1]. Then, for v € T, the set of rays

passing through v define a subinterval .J, = [S21" (v; — 1)279, S (v, — 1)277 4 271I]. The

j=1 Jj=1
countable set of rationals in [0, 1] admit two dyadic representations as rays.

Definition 5.5. A hyperexplosive subtree is said to be maximal if it is not a proper subtree of a
larger hyperexplosive subtree.

Note that a maximal hyperexplosive subtree rooted at v € T corresponds to rays belonging to

the interval
|v]

Jy = [Ty, 1y + 27, 2, = Z(vj —1)277.

j=1
Lemma 5.6. Let Xy = 0 and let
My(t) = [{v €V (¢) : [v| = n}|,

and
N, (t) ={v € OV (¢) : |v| < n}.

Then, the Picard ground state iteration at generation n is given by
X,,(t) = ug g ® (5.6)
On the event [S < t] one has:
(i) ug > 1,6 € [0,1) implies X,,(t) — 0 as n — oc.

(ii) uy € (0,1),8 > 1 implies X,,(t) — 0o as n — oo.
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Proof. The explicit representation (5.6) directly from (5.1) by induction.

Now assume the event [S < t]. Not that in this case, M, (t) > 0 for all t > 0, so by if § = 0,
(5.6), X,,(t) = 0 — 0 as n — oo. Thus, it remains to consider the case § > 0.

By Proposition 4.8, V(¢) contains maximal hypexplosive subtrees. In accordance with the
Definition 5.5, at generation n > |v|, a maximal hyperexplosive subtree contributes 2" 1"l =
|.J,|2" vertices to the count M,,, where |J| denotes Lebesgue measure of J C [0, 1]. Notice that
non-intersecting hyperexplosive subtrees correspond to the dyadic rationals with non-intersecting
interiors. Let

A = {s € JT : there is a maximal hyperexploding subtree rooted at s|m for some m > 0.}

Then [57| = Y .1 |Ju| and || > 0 since by Proposition 4.8 every exploding tree has a hy-
perexploding subtree. Let ¢, = 27%, and let v',...,v™ € T be a finite set of root vertices of
hyperexplosive subtrees, arranged in increasing order of [v’], such that

|%\ U;zkl JZ’ < €, U;ikljvi C .
If n > my, these hyperexploding subtrees contribute | U", .J,:|2™ vertices to the count M,,. Thus,
M, > (|| — e)2".

Next consider the ¢-leaf count. Each t-leaf v € 0V (t) corresponds to the dyadic interval J, =
2., 7, + 2I"!], so that distinct ¢-leaves correspond to intervals having non-overlapping interiors. In
this case each .J, contributes only once to the count V,,, provided n > |v|. Let,

L = UvG@V(t) Jy.

That is, .Z is the subset of [0, 1] corresponding to the ¢-leaves. If the tree has at least one ¢-leaf, and
if S < t,then |Z| =3, cov |Jo| > 0. &£ and S have disjoint interiors as well. For ¢, = 27,
there exist v, ..., v%, arranged in increasing order of |v[, such that

L
L1 =Y 1l <&, Uk, CZ

=1

If n > |vy, | then the tree has at least ¢, t-leaves, and at most £}, + €;,2" intervals of size 27" on a
set of measure at most ¢;. Thus,
b, < N, </l + €,2".

Collecting these counts, one has for all £ > 1, there are my, ¢, > 1 such that for all n >
max{l, my}

Write ug = 62, D > 0. In the case (i) one has ug = " > 1 and 0 < § < 1 so that in the n-th
iteration

X, (t) < §DWrte2™) 5(17 | —ex)2”
5(|f\—(1+D)ek)2"—£k’ 5.7)
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In the case (ii), up = 6~ € [0,1) and § > 1, so that
X, (t) > 5 DUkten2™) 517 | —ex)2"
= §UAI-(+D)er)2" ~Ly (5.8)

provided n > /) A my. Note that given the exploding tree, |7¢|, D, ¢ are fixed positive quantities.
So choosing & such that (|57| — (14 D) )¢, > 0, the assertions in the lemma follow in the indicated
limits. [

6 Stochastic Picard Ground State Iterations and Stochastic Trans-
forms: the non-uniqueness of a-Riccati solutions

The purpose of this section is to use the stochastic Picard iterations method described below and
the non-uniqueness results for (6.1) in Proposition 3.4 to construct a family of non-unique global
solutions to (1.2) for any o > 1 and a range of initial data uy. (We note that, as shown in [14], when
a > 1, solutions of (1.2) blow up in finite time, limiting the range of initial data for which global
solutions exist.) Notably, as will be seen in Section 6.2, the a-Riccati equation and the pantograph
equation can be connected via a transformation at the level of solution processes, which, in the
case a > 2, allows us to exploit the non-minimal solution process constructed in Theorem 3.5
for the pantograph equation to construct multiple solutions for (1.2). Moreover, in the case of the
a-Riccati equation, the non-uniqueness is established for the case uy = 1, and then transferred to
other initial data via a use of another transformation at the level of solution processes, this time
connecting solution processes for corresponding to uy = 1 and arbitrary .

Note that the linearization of (1.2) with uy = 1, about the constant steady state © = 1 is the
pantograph equation with b = —1,a = 2:

V'(t) = —v(t) + 2v(at), v(0) =0. (6.1)
Our goal is to prove the following theorem.
Theorem 6.1. Let o > 1 and uy € R, C R defined by
R, = [0, max{1, (2a — 1)/4 — (6a” — 15a + 4)/4(a — 1)(2a — 1)}) U{1}.  (6.2)
For each A > 0, there exists a solution uy to (1.2) such that

]_ _
i L= 0(@)
t—00 t—

=\ (6.3)

where v = log,, 2 > 0.
Consequently, there are infinitely many solutions converging to 1 with an algebraic rate ¢~
as t — oo. In the case o € (1,2), it was shown in [13] that u,(t) = P(|0V(t)] < o) is also a
solution to (1.2) with ug = 1. This solution has an exponential convergence rate as ¢ — 0o since
1 —u,(t) =P(|oV(t)]| = 0) <P(L >t) < Ce ™,
where the last inequality is due to Theorem 4.5. Thus, u, does not belong to the family of solutions

{ur}rso-
The proof of Theorem 6.1 will involve several steps. We will first consider the case of uy = 1
in two separate regimes: « € (1,2] and o > 2. We then extend the results to other initial data.
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6.1 Proof of Theorem 6.1 inthecaseuy=1land 1 < a <2

A solution u to (1.2) with ug = 1 is a fixed point of F', where

Flul(t) =e "+ /0 e *u?(a(t — s))ds.

Let 12
v=log, 2= 2 >1. (6.4)
In o

Proposition 6.2. For sufficiently large M > M, > 0 and sufficiently small 0 < 0 < &y, the
function

_J1 if t<M,
satisfies F'lprrs] < pars.
Proof. To simplify the notation in this proof, we will drop the subscripts of pyss. Let
. 0 if t<M,
P(t) _1_p<t)_{ 5t i > M
and .
Glgl =1~ Flp = [ & 9(2p(as) ~ plas)’)ds.
0
It suffices to show that G[p| > p. Fort > M,
t t
Glp) = / e (2p(as) — plas)P)ds = / e (2507757 — %P s )ds
0 M/
t 5 —y
= 2504_76_75/ e’s™7 (1 _ @ S_V) ds
M/« 2
¢ o
= 5e_t/ es™ 7 (1 — —s‘”) ds.
M/« 4
The inequality G[p] > p will be held for all ¢ > 0 provided that
t o
/ e’s™ (1 - —s”) ds > e't™ YVt > M.
M/a 4
This inequality is equivalent to
t s — ty—
5 , €8 Vds — et
ESIVES b Vit > M. (6.6)

7
S o—2v
fM/a e*s™*Vds

We will show that for sufficiently large M, inf;>, f(2) > 0. Once this is proven, (6.6) will be
satisfied by choosing 0 < 6,y = 4inf;> s f(¢). By L'Hospital Rule,

yeltTr { 1 if y=1

lim f(¢) = lim o if 4> 1.

t—o00 t—oo ett—27
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Since f is continuous on (0, c0), showing inf;~ s f(¢) > 0 is equivalent to showing that f(t) > 0
for all t > M. Note that f(¢) has the same sign as

¢
fi(t) = / e*s Vds — et

M/«
Since fi(t) = ve't™7~! > 0, one sees that fi(t) > fi(M) for all ¢ > M. On the other hand,
FL(M) = Fa(1) where x

fa(z) = / e’s Vds —e®x 7.

z/o
One has fj(z) = ve"z™7~' — Le?/*(z/a)™. Note that fj(x) > 1 for sufficiently large 2 and
hence, lim, ., fo(z) = oo. Hence, there exists M, > 0 such that fo(M) > 0 for all M > M,,.
Therefore, f(t) > 0 forallt > M > M,,. H

Proposition 6.3. Let M, 0 > 0 and p = pyr s be defined as in Proposition 6.2. Consider stochastic
Picard iterations X,,(t) = X1, (t) with the ground state Xo(t) = Xs0(t) = pas(t) and the
initial state ug = 1, i.e.
1 f Ty >
_ lf 0 = ta n>1

Xo(t) = p(t), Xa(t) :{ X() o (t—Tg))X() (a(t—Tp)) if Ty<t. '~ =7 (6.7)

where X 1 and X 1 are conditionally on Ty i.i.d. copies of X,,_1. Then :
(i) Foralln € Nandt >0

X)= ]  Ausle"t—6),  as (6.8)

veT, |v|=n—1

where ©, = SV T

J 0 oJ
(ii) For each t > 0, The sequence {X,(t)} = {Xmsn(t)} is a non-negative supermartingale
with respect to the filtration %, = o(T, : |v| < n —1).

Proof. The formula (6.8) from part (i) follows by induction from the stochastic iterations. Indeed,
for n = 1, since p(t) = 1 for t < 0 we have

X1(t) L Ugyzg + Pt = To))igy<q = p*(alt = Ty)),
So (6.8) holds. The inductive step follows similarly, once we observe that the product in the right-
hand side of (6.8) is 1 if t < 0,
To prove (ii), we will show by induction on n that E[X,,(t)|-Z,]
F1 = o(Tp) and, as noted above, X;(t) = p*(a(t — Tp)). Note that F =
for ¢ < 0, using Proposition 6.2, we obtain

Xn(t). Forn =1

< )
(). Thus, since p(t) =1

E(X1(8)].Z0) = E(X1(£) — /—s 2(a(t — s)) ds

t

= e '+ /eSpQ(a(t —s))ds
0
< p(t) = Xo(t) forallt > 0. (6.9)
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For n = 2, using (6.8), we write

Xa(t) = [[ Pt —0.) = [] PPlalr - 1)) = X{V ()X (7)

|v|=1 lv|=1

where 7 = a(t — Tj) and

X (7) = Unysr + P2 (a7 = T) Lzy <r) = p* (07 = Th)),

XP(7) = Ipzr + Pt = T2))dgyar) = p* (a7 — T2)).
Note that, conditionally on 7p, X {1)(7) and X {2)(7) are i.i.d. and have the same distribution as
X1 (7). Therefore, using the substitution property for conditional expectations together with (6.9),

we have:
1 2 1 2
E(X(0)T) = EX{ ()XY (0)lr) =BG (0)r) - E(X} (1))

= E(Xi(D)|7)* < (1) = p*(alt — Tp)) = X1(t). (6.10)

Now suppose E(X,,(t)|.Z,-1) < X,,—1(t) for some n > 2. Using (6.7) together with the fact
that X,,(¢) = 1 for t < 0 (as follows from (6.8)), we have

Xuaa(t) = X0 (1) X2(7),

where, as before, 7 = «a(t — Tp). Recall that, conditionally on 7Tp, X,Sl)(T) and X% (1) are
independent and distributed as X, (7). For k € {1,2}, denote ﬁék)l = 0(Tgy : || = n—2).

Because ., = o(Ty) V.Z, v .Z?, and that o(T}), ", and .Z %, are independent, we get by
organizing random variables according to

(T Jof < =1) = (To, ((Thw = Jo] <1 =2), (Tay : [o <0 =2))),

and applying the substitution property in two directions, as in (6.10), followed by the induction
hypothesis,

E(Xn41(8)]Fn)

Ly + E(XSD (1) X2 (1) Lizy<q| Fn)

Vg2 + E(Lm, <o X0 (7)o (Ty) V F320) - B g X210 (Ty) v ;1)

Urzg + X2 (1 X2 (1) Lig<n = Xa(8). 6.11)

n—1 n—1

IN

]

Proposition 6.4. Assume o € (1,2]. Let M,6 > 0 and py s be defined as in Proposition 6.2 and
{X 51 (t) }n>1 be the stochastic process defined by (6.8).

(i) As n — oo, Xarsn(t) converges a.s. and the limit process Xy s5(t) = limy, o0 Xarsn(t)
satisfies (2.16) with ug = 1. Moreover, 0 < X)r5(t) < 1 on the event [L < t], where L
denotes the longest path, see (4.6).
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(ii) The function up5(t) = E(Xars(t)) solves (1.2) with ug = 1. Moreover,

1 — uprs(t
li 1= esl8) 5
t—00 =

Proof. To simplify the notations in the proof, we will drop the subscripts M and ¢ and will only
keep the subscript n.
By Proposition 6.3 (ii) and Doob’s Martingale Convergence Theorem for positive supermartin-
gales, the sequence {X,(t)} = {Xars.(f)}n>1 converges a.s.. Denote the limit by X (t) =
Xums(t). Since foralln € Nand ¢t > 0, X, (t) € [0,1] a.s., we have E(X(¢)) € [0,1]. By
Theorem 5.1, X (¢) satisfies (2.16) with uy = 1. Thus u(t) = E(X (¢)) satisfies (1.2).

On the event [L < t], one has

X.t) =[] Pla"t-6.), Vn=>1.

|v|=n—1

Since t — O, > t— L > 0, we have o"*(t — ©,,) > M for sufficiently large n independent on v € T.
Here, M is the number in Proposition 6.2. Thus, for sufficiently large n,

X0y =TT (1-0lne =00 Pracy = T (1-0"027) muay

[v|=n—1 [v|=n—1

Denote S,, = miny|—, ©, and L,, = max|,|—, O,. Note that S, ; < O, < L,,_; for [v| =n — L.
Thus,

t—Ln_’y 2 t_Sn—W 2
H (1 - 5%) Lineyg < Xp(t) ey < H (1 - 5(2—n>) Tiz<q

[v|=n—1 [v|=n—1

In other words,

_ on—1 _ 2n—
t N Ln 0 2:2 t _ Sn Y
(1 _ 5%) ]1[L<t] < Xn(t)]l[L<t] < (1 — 5%) IL[L<t]-
Letting n — oo, one gets

6_(S(t_L)MYﬂ[L<t} < X(t)]l[L<t] < 6_(S(t_s)ﬂﬂ[L@t] . (6-12)

Therefore, 0 < X (¢) < 1 on the event [L < t].

To establish the limit in part (ii), we estimate
E(X(#)1z<n) <EX(#) = E(X(#)Lz<y) + E(X () 12g) < EX(@)L<y) + E(Tz2n).
Together with (6.12), we have
E (eié(tiL)_Wl[L<et}) <u(t) <E <676(t75)_71u<t}) + E(Lz>y)
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for any constant € € (0, 1). Hence,
E ((1 . 6—5(t—S)7'Y)IL[L<t]> S 1— U(t) S E ((1 o 6—5(t—L)77)]]_[L<6t]> + E(]]_[ngt])-

By Theorem 4.5, one has E(I[;>¢) < Ce™ for all ¢ > 0. Dividing both sides of the above
inequalities by t~7, we have

1 — —6(t—S)~7 1 — ult 1 — —6(t—L)~"
E <6—1{L<ﬂ 1ol gl ) st 613

t— t— t=

Note that almost surely
1— —6(t—S)~7
lim — =4
t—o0 t—

Also, lim;_, 1<) = L[ <o) = 1 a.s. due to hyperexplosion [14]. By Fatou’s Lemma,

1 —u(t 1 — e 0=5""
liminft_—qi() >F <lim S | =6

t—00 t—00 t—

By the inequality 1 — e™* < z, one has

ot—L)™ ot —et)™
RHS(6.13) < E (%ﬂw) +Cte ™ < E (%HL@) +Ctle
< J(l—e) "+ Cte
Thus,
1 —u(t
lim sup utt) <o(l—e)7”
t—o00 t=
Because this inequality is true for all € € (0, 1), one has
1 —u(t
lim sup _u( ) <4,
t—o00
which completes the proof. 0

Theorem 6.5. Let M, > 0 and pys 5 be defined as in Proposition 6.2, and X 5(t) be the process
defined in Proposition 6.4. Then, for any X > 0, the process Xysa(t) = (Xus(t))° is a
solution process satisfying (2.16) with uy = 1, and the function up;5:(t) = E(Xasa(t)) solves
the problem (1.2) with uy = 1. Moreover:
(i) .
— t
lim L= et (6.14)
t—o00 t—=

(ii) Foranyt > 0,

unrop(t) > unsn(t) if 0 <A <X,
Unigp(t) < uapsa(t) if M < M, 0 <3< min{6u, opr}
uprsa(t) > upea(t) if 0<6 <48 <.
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Proof. The fact that X, (t) is a solution process satisfying (2.16) with uy, = 1, follows from
raising to power «v/¢ both sides of (2.16) with X = X, 5 and up = 1. Thus, upr 5\ = E(Xprs (1))
satisfies (1.2) with uy = 1, since, as it will be shown below, the expectation is finite.

To prove (i), raise the equation (6.12) to power \/¢ to obtain

e < (Xars ()Y L ey < N7 gy (6.15)

From here, one can follow the same lines of the proof of Proposition 6.4, part (ii), to show that
uprs(t) s finite and
1— t
lim —UM"S’)‘( )
t—00 t=

=\

To prove (ii), suppose 0 < A < ). Because 0 < X/5(t) < 1 on the event [L < ], Xﬁ(;(t) <

Xj/[/‘f;(t) on this event. Since [L < ] is not anull event for any ¢ > 0, one has ups s x () < uars.(%).
Next, suppose M < M’ and 0 < § < min{dys, dpr}. From the definition of pyss in Propo-
sition 6.2, it is clear that pys(t) < pars(t), which leads to X5, (t) < Xapsn(t) for all n.
Therefore, ups 5 (t) < upr s2(1).
Next, suppose 0 < § < ¢’ < 7. Denote k = 6'/d > 1. Note that for t > M,

Prst) =1 =0t77)">1— kot = ppra(t).

Thus, X7 5,(t) > Xarsn(t) for all n. Raising both sides to power A\/§’, one gets X}f;n(t)
Xj’\\/[/g,yn(t). Hence, ups 55 (t) > unrs A (1).

L1V

6.2 Proof of Theorem 6.1 in the case up = 1 and o > 2

This involves two basic ideas: (i) A transform of the solution process for the multiplicative a-
Riccati model, and (ii) a stochastic Picard iterations with special ground state X,. All such solu-
tions have an exact convergence rate 1 — u(t) ~ t~7 as t — oo, where, as in (6.4) or in (3.4) with

a =2,
In2
v=7(a,a=2)=log, 2 = —= € (0,1). (6.16)
Ina
As a consequence, 1 —u ¢ L'.

Proposition 6.6. Suppose X(t) > 0 is a nonnegative binary solution process for (6.1), i.e.

~Y if Ty>1
M= { XD (et — Tp)) + XP(a(t — Tp)) if Ty <t (6.17)

where T ~ Exp(1) and XV, X?) are two, conditionally on Ty, i.i.d. copies of X(t) (see also (2.17)
witha = 2, ug = 0). Then

(i) v(t) = E(X(t)), if finite for all t, satisfies (6.1).
(ii) Forany A\ > 0, X(t) = e W satisfies (2.16) and u(t) = E (e"\x(t)) satisfies (1.2).
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Proof. By conditioning on 7j in (6.17) we get

v(t) = /0 e 2u(a(t — s))ds

which leads to (6.1), proving (i).

To prove (ii), first apply exponential e =" to both sides of (6.17) to show X (¢) = e~ satisfies
(2.16). Note that u is always well-defined because e ***) € [0, 1]. By conditioning on T} in (2.16),
we get

AX(t)

t
u(t) =e " + / e *u*(a(t — s))ds
0
which leads to (1.2). [

One can observe from Proposition 6.6 that if (6.17) has a solution X(¢) > 0, not identically
zero, then uy(t) = E (e*’\x(t)) , A > 0, is an infinite family of solutions to (1.2) corresponding to
up = 1. Thus, our next goal is will construct a solution process X(¢) > 0 of (6.17) that is not
identically zero. The key idea is to use the expected value of the unary solution process given by
Theorem 3.5 as the ground state in the stochastic Picard iterations for (6.17).

Proposition 6.7. Let 1(t) be from Theorem 3.5 with the convention that n(t) = 0 if t < 0. On the
full binary tree T, define

Xo(t)= > 2p(a"(t—6,)), Vn>1 (6.18)

|v|=n—1

where ©, = 3" T Tpen

=0 o

(i) The sequence {X,(t)} satisfies the stochastic Picard iterations (5.3) for the binary panto-
graph process with ground state Xo(t) = 1(t), corresponding to a = 2 and uy = 0, i.e.

{O lfTQZtv

el = 2 (ot = 1) + X2, (alt = T)) if Ty <t

(6.19)

(ii) Foreacht > 0, {X,(t)} is a martingale with respect to the filtration #,, = (T, : |v| < n).

(iii) The limit X(t) = lim, o X, (t) exists. Moreover, E(X(t)) = n(t). Moreover, for any § €

(1,1/7), E(X°(¢)) < "‘;—S;t), where 15 is given in Remark 3.7.

Proof. Note that if the ground state X(f) = 0 for ¢ < 0, the iterative formula (6.19) can be
re-written as
X () = X020 (alt = Tp)) + X0 (alt — Th)), (6.20)

Since by induction X,,(t) = 0 on t € (—o0, 0] for all n. In case Xy(t) = n(t), the formula for X,,
given by (6.18) follows from (6.20) directly from the definition of X,,(¢) also by induction. Thus,
(6.18) satisfies (6.19).
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Next, we will show by induction on n that E(X,1(¢)|-%#,) = X,(t) following the same
approach as in the proof of Proposition 6.3, part (ii). Namely, for n = 1, %, = o(()) and

X1 (1) = 2n(a(t — Ty)), so

E(X [70) = E(X) = /Ot e 2n(a(t = s)) ds = n(t) = Xo(?). (6.21)

since by Theorem 3.5, 7 satisfies (6.1).
In the case n = 2, %, = o(1y), and thus

E(Xo | 71) = E@2n(e*(t — ©1)) +2n(a’(t — ©2)) | Ty)
E(2n(a(r —T1)) + 2n(a(r — T2)) | Tp)
where 7 = a(t — Tj). Thus,
E(l#) = E@n(a(r —Th) + 2n(a(r — T)) | Th)
= EQ" (1) |7) + EQG(7) | 7) = 2B(X1(7) | 7) = 25Xo(7) = Xa(2),
where (6.21) and the substitution property for conditional probability was used in the 2nd to the

last equality.
Now suppose E(X,,|-Z#,_1) = X,,_1 for some n > 2. We have

E(Xoi1|Z0) = E(QX (alt = Tp)) + X2 (alt = Tp)) | F).

Because .%,, = (1) vﬁ T )1 and that 7" )1 and 52 ~, are independent, using substitution
property, we get
E(Xnnl#) = EXD(alt = T9) [T, F,2) + EQP (alt = Tp)) | Ty, 7,7)
1 2
201t = To)) + X2 (oft = Ty)) = Xa(h).
which proves (ii).
To prove (iii), we use the fact that X,,(t) > 0 and {X,,(¢)},>1 is a martingale, which implies

that for any ¢ > 0, X,,(¢) is convergent a.s. to some process X (). By Theorem 5.1, X is a solution
process satisfying

X() 0 if Ty >t,
= x(l)(a(t —Ty)) + x(2)(a(t —Tp)) if Tp<t.

Also,
E(X, (1)) = E@2n(a(t — Ty))) = / 2n(alt — s))e~*ds = n(t).

By the martingale property, E(X,,(¢)) = n(t) forall n > 1. To show that E(X(t)) = n(t), it suffices
to show that for each ¢ > 0, the sequence E(X,,(t)°) is bounded from above for some § > 1.

Fix 0 € (1,1/7). Let ns be the function from Remark 3.7, i.e. n5(t) = E(X2(t)) with X, =
(t — S)‘”’]l[g<t] (recall, n(t) = E(X.(t))). By Jensen’s inequality,

mt) > (BE)) =ity
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We will show by induction on n > 1 that E(X,,(¢)°) < 2% Forn = 1,

E(X:(1)) = En(a(t—1p))°) < Elns(alt — Ty)))
t
t
= / e *ns(a(t — s))ds = —5=~
0
according to Remark 3.7. Suppose E(X,_;(¢)°) < ”;—Ef) for some n > 2. Using the inequality
(a+b)° < 297Y(a® + b°), we have

. 0 if Ty >t,
<
Xn(t)’ < 931 (xq(zl_)l(a(t 1)) + xg_)l(a(t _ Te))5> if Ty <t.

Thus,
E(X.()') < 27 /0 BT, (alt - 5))’)ds = 2 /0 t esz—m(o‘(;_ ) g
- /Ot e *ns(a(t —s))ds = 7752—?), (6.22)

Thus, the sequence X,, is uniformly integrable and so E(X(t)) = lim,,_,o, E(X,,(¢)) = n(t), while
the inequality for E(X(¢)°) from part (iii) follows from (6.22) by taking n — oo and applying
Fatou’s Lemma. ]

Theorem 6.8. Let X(t) be given by Proposition 6.7, part (iii). For each A > 0, the process X ,(t) =
e ®) is a solution process satisfying (2.16) with ug = 1, while the function uy(t) = E(Xx(t))
solves (1.2). Moreover, for A > 0,
1—
lim —uA(t)
t—o00 t=

=\

Proof. The fact that with ug = 1, X,(t) satisfies (2.16) and u,(¢) solves (1.2) comes directly from
Proposition 6.6. We only need to show the convergence rate. On one hand,

1 —up(t) = B(1 — e™0) < BOAX() = XE(X(1)) = An(t).

Then, by Theorem 3.5,

1— t t
lim sup A = lim sup M = A
t—o0 tsoo U7
It remains to show that .
— t
i inf =20 S
t—o0

Since v € (0,1), there exists & € (1,2) such that v0 € (0,1). By Lemma 6.9, there exists a
constant ¢ > O such 1 — e ® > x — cx? for all z > 0. Thus,
1—uy(t) = E[l —e O] >E\X(E) — XNX(t)°)
= AE(X(1)) - ME(X(1)")
= M(t) — NE(X(t)°). (6.23)
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By (3.6) and Proposition 6.7, part (iii), we have
5y Ms(t) -
E@Aﬂ)g—i—gth\#>QneN.

Substituting this estimate into (6.23), we get

_ =6
hmmﬂ;ﬁéﬁzhmmfQﬂﬁ—oi—)zxmnﬁﬂzx

n—00 - n—00 t= t= n—oo 177
This completes the proof. ]

Lemma 6.9. For each 6 € (1,2), there exists cs > 0 such that
l—e >z —cs2® Yo>0
Proof. For a fixed ¢ > 0, let f(z) = 10e™® — (x — cz?). Then

fliz) = e =14 cox®?
f'(x) = —e " +c6(0—1)2°2

Since d € (1,2), one can choose c sufficiently large such that f”(z) > 0 for all z > 0. Then
f'(x) > f(0) =0forall z > 0. Then f(z) > f(0) = 0forall z > 0. H

6.3 Proof of Theorem 6.1 for v, € R,

According to Proposition 5.4, parts /(ii) and 2(ii) (see also [13, Prop. 2.2], [14, Prop. 4.1]), when
up > 0, the stochastic Picard iterations scheme for the a-Riccati model with the ground state
70<t) = 1, i.e.,

_ — g if Tp>t,
X <O ( (2 .
n—1 Oé(t — Tg))anl(Oé(t — Tg)) if Th < t,

where 7217)1 and 72221 are, conditionally on T}, i.i.d. copies of X,,_;, almost surely has a limit — a
maximal solution process X (t), satisfying (2.16). Moreover, if uy € R,, then u(t) = E(X(t)) <
oo is a solution to (1.2), where R,, is defined by (6.2).

Let A > 0. Consider X, (%) be the process defined in Theorem 6.5 (defined for a € (0, 1)),
and the process X, (t) is the process defined in Theorem 6.8 (defined for ov > 2). For each A > 0,
and o > 1 consider the following solution process (satisfying (2.16) with uy = 1):

X

up=1

(t) . XM,(;’)\(t) if 1<a S 2,
- X\t if a>2

By Theorem 6.5 and Theorem 6.8, for each A > 0, the function u}(t) = E(X)

up=1

(1)) satisfies

1—ui(t)
=

=\
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Let ug € Ry. Note that process X, (t) = X ()X}

up=1

(t) satisfies (2.16), i.e.

Xo (1) = U if T, >t,
MU XY (alt - 1o)X (alt —Tp) if Ty <t.

(This can be seen by multiplying both sides of (2.16) with ug = 1 with corresponding sides of
(2.16) with ug = 1.)

Thus, 1y 4, (1) = E(Xy ., (t)) satisfies (1.2) and 0 < u, ,,(t) < u(t). Note that X (t) = 1 on
the event [L < t]. Thus,

Una () = E(X (1) X501 (8)) = E(X54(t))

|
&=
S
—~~
—_
|
e
<
& >
&
—
~
S~—
SN—

and
L—upu(t) 1 —ui(t) —
s = 2 E((1 = X)X (DT )
In the case ug SRQ, uo > 1, we have @ > 5/2 and itﬁ)llows from [14, Remark 3.3 and Thm 4.2]
that u(t) = E(X(¢)) < 1+ ce™". Since we also have X (¢) > 1 when uy > 1, we conclude that

0<E((X —-1)X) () lgsyg) <EX —1)=a(t)—1<ce .

up=1

In the case ug € [0, 1] from definition of X, in the case, u(t) = E(X(¢)) € [0, 1], and so

0<E((1-X)X)

up=1

(t)Ljrsg) <OP(L>1t) < Ce ™.

Thus, for all ug € R,

tE((1 — X)Xgozl(t)ﬂ[m]) —0, ast— oo

Therefore,
1 — uk,uo (t)
=

=\,

which finishes the proof of Theorem 6.1.

6.4 Alternative proof of Theorem 6.1 for vy = 0

In the case uo = 0, (1.2) has a minimal solution © = 0 and a maximal solution u(t) = EX ().
Athreya [2, Thm 2] uses the Picard’s iteration

t
uoy(t) = e, um(t) = /0 e g, ) (as)ds

to derive a third solution to (1.2). He shows that the limit function w(t) = lim,,_,c ) (t) satisfies
liminf, ., t7(1 — u(t)) > 1. Below, we will show that one can use the stochastic Picard iterations
with the ground state

u(t) = e s

to generate infinitely many solutions to (1.2).
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Proposition 6.10. The sequence of stochastic processes

X.t) = [[ #"t-6,), vn>1

|v|=n—1

converges almost surely to a solution process X (t) as n — oo. Moreover, uy(t) = E(X(t)*)

satisfies (1.2) and

hml_—u’\(t):)\

t—o0 t—

Proof. Following the the approach form the proof of Proposition 6.3 One can rewrite X,,(¢) as

X,(t) = H exp (—2(a”(t — 0,)) ) Lip,<q
[v|=n—1
t—0,)7" _
= I ew (_(le)> L, < = ¢ Oy, <,
|v|=n—1
where
M) = —— 3 (t-0,)7, L, =su iﬁ
n - on—1 o v ; n — M}i - o .
v|=n—1 =

On the event [L > t], X,,(¢) = 0 for sufficiently large n. On the event [L < ],

My (t) = 2—1n (t—0,)""
jw|=n
- 3 X (0-6-amm e 0 e T)
> 5 | |Z 1 (=077 +(t=6.)7)
= 5 | |Z 1 (t—0,)7" = M,(t)

Thus, the sequence M, (t) is increasing on the event [L < t|. Thus, a limit M (¢) = lim,,_,o M, ()
exists almost surely. Then, X,,(¢) converges almost surely to X (£) = e "1, ;. Note that

2n1—1 D (=807 < Mu(t) 2n1_1 > (t—Ly)7

lv|=n—1 |v|=n—1

IN

In other words,

Thus,
(t — S)_Vﬂ[L<t] < M(t)]l[L<t] < (t— L)_’Y:H.[L<t]. (6.24)



Consequently, 0 < X (¢) < 1 on the event [L < t]. As in the proof of Proposition 6.3, we have that
X, (t) are stochastic Picard iterations of Xy (t) = pu(t), i.e.

X0 0 it T, >t
XY (at = T))XP (alt — Ty) if Ty <t

where Xél_)l and Xf_)l are conditionally on 7y i.i.d. copies of X,,_;. Thus,

0 it Ty >t,
X(t) = { XD (a(t —Ty) X (alt —Ty)) if TZ <t.

where X" and X ® are i.i.d. copies of X. For each A > 0, u,(t) = E(X(¢)") solves (1.2). From
here, one can use the same estimating technique used in the proof of Proposition 6.4 (ii) to show
that .
lim —>—2 w(t)
t—00 t—

=\

7 Numerical Simulations

In this section, we present numerical results based on Monte Carlo simulation to experimentally
illustrate the construction of the multiple solutions to the a-Riccati equations, particularly by sim-
ulating, for various values of A > 0 solution processes X, (t) — defined in Theorem 6.5 (for
a € (0, 1]), and the solution processes X, (t) — defined in Theorem 6.8 (for cv > 2), via the use of
stochastic Picard iterations.

In the case 0 < a < 2, the ground state is given by (6.5), i.e.

1 it <M,
XO(t)‘{ 16t if t> M

where M > 0 is sufficiently large and 6 > 0 is sufficiently small. Recall that by Theorem 6.5 that
the corresponding solution has an asymptotic behavior

1— t
lim UA( )

Y (7.1)

For numerical simulation, we choose § = 0.5 and M = 10. We divide the time interval into
the lower range 0 < ¢ < 4, middle range 4 < ¢ < 64, and upper range 64 < t < 256, and
subdivide each range with equi-distance grid points in log-space. We use 20, 15, 10 grid points
for lower, middle, upper range, respectively. At each grid point ¢, we generate the process X,,_g
with a sample size of N = 200. For each realization of Xy, we compute X3 with A = 1,3,9 and
approximate uy(t) ~ EX2(t). To check the convergence rate (7.1), we plot compare the log-log
plot of u, with the log-log plot of A0t~ (which is a straight line).
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Figure 3: Discrete graph of u) for A =1,3,9anda = 1.4
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Figure 4: Interpolated graph of uy for A\ = 1,3,9and o = 1.4
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Figure 5: Log-log plot of A6t~ and Log-log plotof 1 —uy for A\ =1,3,9and o = 1.4
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In the case o > 2, the ground state is Xo(¢) = ¢~"") where n(t) = E(X,(t)), see Theorem 3.5.
On can show using indiction that X is a limit of stochastic Picard iterations with the ground state
Xo(t) =ttt > 0):

i 0 if Ty>t
x t) = t_,y xn t) = Y i _
0( ) ) ( ) { 2x(1)1(04<t — TO)) lf TO < t)

and by a uniform integrability argument, 7)(t) = lim, o, E(X,()). Recall that by Theorem 6.8,

. 1—U,\(t) .

To avoid technical difficulties connected to approximating 7 before being able to simulate X,,_s,
we use the fact that 7, (t) = E(X,,(¢)) satisfies a deterministic Picard iteration

w0 =t i) = | e m(alt - 5))ds

One can use Mathematica to get an explicit formula for 7;, 72, 13,... However, these formula
exhibit numerical artifacts for large values of ¢. They collapse to 0 instead of decaying as t~7. To

1.4 147
1.2 1.2 i
1.0 1.0
0.8 0.8
06 0.6
04 0.4
0.2 0.2
L e — ‘
50 100 150 200 250 F 10 20 30 40 50 60 70
(a) (b)

Figure 6: Graphs of 7» (a) and of 73 (b) with numerical artifacts

guarantee that n decays as ¢t =7, we will use the following approximations:

o JS2e molalt — 8)) if t <50
()~ in(t) = { £ if > 50
S 2e i (alt — ) if £ <50
m(t) = ih(t) = { £ i > 50

And then approximate 7(t) ~ 7»(t), which significantly reduces the cost of computation. We will
discretize the time interval the same way as in the case 1 < o < 2.
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Figure 9: Log-log plot of A\t~ and Log-log plot of 1 — uy for A =1,2,4and o = 3
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